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ISOMETRIES OF LORENTZ SURFACES AND
CONVERGENCE GROUPS
DANIEL MONCLAIR
Abstract. We study the isometry group of a globally hyperbolic spa-
tially compact Lorentz surface. Such a group acts on the circle, and we
show that when the isometry group acts non properly, the subgroups
of Diff(S1) obtained are semi conjugate to subgroups of finite covers of
PSL(2,R) by using convergence groups. Under an assumption on the
conformal boundary, we show that we have a conjugacy in Homeo(S1).
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1. Introduction
One of the (many) differences between Riemannian and Lorentzian ge-
ometries lies in the dynamics of the isometry group. More precisely, the
isometry group of a Lorentz manifold can act non properly (stabilizers are
subgroups of the non compact group O(n − 1, 1)), which is impossible for
Riemannian isometries (O(n) is compact). However, geometries with many
isometries tend to be rare, and Gromov’s vague conjecture (as stated in
[D’AG91]) suggests that they should be classifiable. Several results classify-
ing non proper actions on Lorentz manifolds exist, such as in the compact
case ([AS97a], [AS97b], [Zeg99a] and [Zeg99b]) and for actions of simple Lie
groups on non compact manifolds ([Kow96]). However, the study of Lorentz
manifolds cannot be reduced to the compact case. Indeed, causality is an
obstruction to compactness. It would be interesting to obtain a classification
result for Lorentz manifolds with a large isometry group under a physically
relevant assumption.
Lorentz manifolds that occur in physics are globally hyperbolic. Global
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hyperbolicity is the strongest of all the causality conditions. It is roughly
equivalent to the fact that the space of lightlike geodesics is Hausdorff (and
therefore a smooth manifold). We wish to classify globally hyperbolic space-
times on which the isometry group acts non properly.
We will work in the subcategory of spatially compact Lorentz manifolds,
i.e. space-times such that the space of lightlike geodesics is a compact man-
ifold. They are space-times for which space is compact.
While working with classification problems, it is standard to start in a low
dimensional setting. In Lorentzian geometry, the lowest dimension possible
is 2, so we will study spatially compact Lorentz surfaces in order to under-
stand when the isometry group acts non properly.
The first example of such a surface is the De Sitter space dS2, which is the
one sheeted hyperboloïd x2 + y2 − z2 = 1 in R3, endowed with the restric-
tion of dx2 + dy2 − dz2. The isometry group is SO◦(1, 2) ≈ PSL(2,R) (we
only consider orientation and time orientation preserving isometries). It is
diffeomorphic to S1×R (and so are all spatially compact surfaces), therefore
it admits finite covers dSk2 for all k ∈ N, whose isometry groups are the finite
covers PSLk(2,R). We will see that spatially compact surfaces do not give
more isometry groups:
Theorem 1.1. Let (M,g) be a spatially compact surface such that Isom(M,g)
acts non properly on M . The isometry group Isom(M,g) is isomorphic to a
subgroup of a finite cover of PSL(2,R).
1.1. One-dimensional dynamics. This isomorphism arises from a one-
dimensional structure. Given a Lorentz manifold (M,g), the conformal group
acts on the space of lightlike geodesics. For a spatially compact surface, it is
diffeomorphic to two copies of the circle, which gives us two representations
ρM1 , ρ
M
2 : Conf(M,g) → Diff(S
1). We will see that these representations
tend to characterise the isometry group, and that they encode the dynamical
properties of the isometry group.
In the case of the De Sitter space dS2, the actions ρ
dS2
1 and ρ
dS2
2 are both
equal to the projective action of PSL(2,R) on S1 ≈ RP1. For the finite covers
dS2k, the actions of PSLk(2,R) are given by the groups whose elements are
the lifts of elements of PSL(2,R) to the k-covering of the circle.
We follow [Ghy87] and say that two representations σ, τ : Γ→ Homeo(S1)
are semi conjugate if there is a non constant map h : S1 → S1 which is
non decreasing of degree one (i.e. that has a non decreasing lift h˜ : R → R
such that h˜(x + 1) = h˜(x) + 1) such that h ◦ σ(γ) = τ(γ) ◦ h for all γ ∈ Γ
(note that we do not ask for h to be continuous).
Theorem 1.2. Let (M,g) be a spatially compact surface such that Isom(M,g)
acts non properly on M . Then ρM1 and ρ
M
2 are semi conjugate to each other,
and the restrictions to Isom(M,g) are faithful. There are k ∈ N and a faith-
ful representation ρ : Isom(M,g)→ PSLk(2,R) that is semi conjugate to the
restrictions of ρM1 and ρ
M
2 to Isom(M,g).
This paper deals with two different theories: groups of circle diffeomor-
phisms and (two dimensional) Lorentz manifolds. Some studies have already
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linked the two, concerning completeness of Lorentz metrics ([CR94], with ap-
plications to Lorentzian geometry) and links between geodesic curvature and
the Schwarzian derivative (see [DO00]).
1.2. Conformal boundary and semi-conjugacy. One of the main tools
throughout this paper is the use of global conformal models for spatially
compact surfaces. Lorentz surfaces are locally conformally flat, but in the
globally hyperbolic case, one can find two natural immersions in flat spaces
which are globally defined.
The first one consists of a conformal immersion in the flat Lorentzian
torus p : (M, [g]) → (S1 × S1, [dxdy]) (by flat Lorentzian torus, we will
always mean (T2, dxdy), which is conformal to the two dimensional Einstein
Universe Ein1,1). It is defined for all spatially compact surfaces. In this
model, an isometry ϕ ∈ Isom(M,g) acts on p(M) by the diffeomorphism
(x, y) 7→ (ρM1 (ϕ)(x), ρ
M
2 (ϕ)(y)) where ρ
M
1 , ρ
M
2 are the representations de-
fined above. In the case where p is an embedding, the boundary of p(M)
consists in the graphs of non decreasing maps of degree one which provide a
semi-conjugacy between ρM1 and ρ
M
2 . Furthermore, we do not need the non
properness of the action to get the results of Theorem 1.2.
Theorem 1.3. Let (M,g) be a spatially compact surface that embeds confor-
mally in the flat torus. Then ρM1 and ρ
M
2 are semi conjugate to each other,
and the restrictions to Isom(M,g) are faithful. There are k ∈ N and a faith-
ful representation ρ : Isom(M,g)→ PSLk(2,R) that is semi conjugate to the
restrictions of ρM1 and ρ
M
2 to Isom(M,g).
However, this conformal model will not be enough because p is not always
injective (it is injective if and only if there are no conjugate points along
lightlike geodesics).
The second conformal model consists in applying the first one to the uni-
versal cover, replacing the circle S1 by the real line R. We get a conformal
immersion p˜ : (M˜, [g˜])→ (R2, [dxdy]). This time, it is always an embedding,
and it can be chosen in a way such that a generator of π1(M) ≈ Z acts on
p˜(M˜) by the map (x, y) 7→ (x+1, y+1), so M is conformally diffeomorphic
to an open set of the flat Lorentzian cylinder (quotient of the Minkowski
plane by a spacelike translation). We will make use of this second model in
order to see that, when the isometry group acts non properly, it is sufficient
to study the case where the first conformal immersion p : M → T2 is an
embedding.
This conformal model gives us a notion of conformal boundary (see [FHS11]
for a general treatment of the conformal and causal boundaries of space-
times), defined to be the boundary in the flat Lorentzian cylinder. We say
that the conformal boundary of (M,g) is acausal if the boundary in the
flat Lorentzian cylinder does not contain any segment of lightlike geodesic.
Under this assumption, we obtain a topological conjugacy.
Theorem 1.4. Let (M,g) be a spatially compact surface such that Isom(M,g)
acts non properly on M . Assume that the conformal boundary of (M,g) is
acausal. Then ρM1 and ρ
M
2 are faithful, topologically conjugate to each other,
and the restrictions to Isom(M,g) are topologically conjugate to a represen-
tation in a finite cover of PSL(2,R).
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The acausal character of the conformal boundary seems to be more than a
technical tool, since counter examples exist without it, i.e. spatially compact
surfaces (M,g) such that the isometry group acts non properly, for which the
restriction of ρM1 to Isom(M,g) is not topologically conjugate to a subgroup
of any PSLk(2,R) (see [Mon14b] for a detailed construction).
Once again, for open sets of T2, we do not need the non properness of the
action of the isometry group.
Theorem 1.5. Let (M,g) be a spatially compact surface that embeds con-
formally in the flat torus. Assume that the conformal boundary of (M,g) is
acausal. Then ρM1 and ρ
M
2 are faithful, topologically conjugate to each other,
and the restrictions to Isom(M,g) are topologically conjugate to a represen-
tation in a finite cover of PSL(2,R).
However, this does not mean that the semi conjugacy obtained in Theorem
1.2 is a homeomorphism when the conformal boundary is acausal. Indeed,
this is only true if the actions on the circle have dense orbits.
1.3. Convergence groups and generalisations. Convergence groups play
a major role in the study of circle homeomorphisms as they give a dynam-
ical description of groups that are topologically conjugate to subgroups of
PSL(2,R).
A subgroup G ⊂ Homeo(S1) is said to be a convergence group if all se-
quences in G have north/south dynamics. The first example is the group
generated by a hyperbolic element of PSL(2,R), but it is also the case for any
subgroup of PSL(2,R). Since the definition of a convergence group is stated
in terms of topological dynamics, the notion is invariant under topological
conjugacy, which means that all groups that are topologically conjugate to
a subgroup of PSL(2,R) are convergence groups. A Theorem of Gabai and
Casson-Jungreis ([Gab92], [CJ94]) states that the converse is true: conver-
gence groups are topologically conjugate to subgroups of PSL(2,R).
However, convergence groups will not be enough in order to describe
Lorentz isometry groups as there are examples for which the groups of cir-
cle diffeomorphisms are not conjugate to subgroups of PSL(2,R). Indeed,
the actions of the groups PSLk(2,R) do not satisfy the convergence prop-
erty (lifts of hyperbolic elements have 2k fixed points). This will lead us to
introduce a generalisation of convergence groups, by using more limit points:
Definition 1.6. Let k ∈ N∗ and let h ∈ Homeo(S1) have rotation number
1
k . A sequence (fn)n∈N ∈ Homeo(S
1)N has the (h, k)-convergence property if
there are a, b ∈ S1 such that, up to a subsequence:
• hk(a) = a and hk(b) = b
• ∀i ∈ {0, . . . , k − 1} ∀x ∈ ]hi(a) , hi+1(a)[ fn(x)→ h
i(b)
A group G ⊂ Homeo(S1) is a (h, k)-convergence group if all elements of
G commute with h and all sequence in G either has the (h, k)-convergence
property or has an equicontinuous subsequence.
When k = 1, then this definition is equivalent to the convergence prop-
erty. Subgroups of PSLk(2,R) have the (h, k)-convergence property, where
h is the rotation of angle 1k . Conversely, if G has the (h, k)-convergence
property and h is topologically conjugate to the rotation of angle 1k , then it
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is quite straightforward that G is topologically conjugate to a subgroup of
PSLk(2,R) (see Lemma 4.13).
It is still unclear to us whether (h, k)-convergence groups are conjugate to
subgroups of PSLk(2,R), and it would be interesting to know whether there
is a dynamical characterisation of groups that are topologically conjugate to
subgroups of PSLk(2,R). Even though we do not have such a theorem, the
notion will be central in our study of Lorentzian isometry groups.
Note that the convergence property can be defined in any dimension, but
the fact that convergence groups are topologically Fuchsian is specific to di-
mension one: there are convergence groups on S2 that are not topologically
conjugate to subgroups of O(1, 3) (see [MS89]). However, the convergence
property can still be useful in higher dimensions, such as in the proof of
Ferrand-Obata’s Theorem1 ([Fer96], [FT02], [Fra07]). The Lorentzian equiv-
alent is false (see [Fra05]), and this is related to the fact that Lorentzian
conformal groups are not always convergence groups.
1.4. Comments.
1.4.1. Regularity. So far, we have not been precise on the regularity. The
proofs that we present use geodesics (continuity of the exponential map) and
the continuity of the curvature, which means that the Lorentz metrics have to
be C2-differentiable. However, everything points to thinking that Theorem
1.2 still holds for continuous metrics. A special case (which corresponds to
the case where k = 1) is covered in [Mon14b]. In this case we only need to
show that a particular representation of the isometry group (which is semi
conjugate to ρM1 and ρ
M
2 ) has the convergence property, so the extension
of Theorem 1.2 to continuous metrics is somehow linked to the question of
knowing whether (h, k)-convergence groups are conjugate to subgroups of
PSLk(2,R).
1.4.2. Discrete groups versus connected groups. The results classifying non
compact isometry groups of compact Lorentz manifolds and actions of simple
Lie groups mostly concern connected groups (although some discrete cases
are treated in [Zeg99b] and [PZ13]), whereas our use of the convergence
property allows us to deal simultaneously with connected groups and discrete
groups. As we will see in 3.2, there is a much larger variety of discrete groups
than connected groups (i.e. the existence of isometries does not imply the
existence of a Killing field, not even of a local Killing field).
1.4.3. Rigid geometric structures. We see a Lorentz metric on a surface as the
data of two objects: a pair of transversal foliations (the foliations by lightlike
geodesics, they define the conformal structure), and a volume form (it fixes
the metric in a conformal class). Foliations and volume forms are not rigid
objects, in the sense that they can be preserved by an infinite dimensional
group, but preserving both can generate some rigidity (the group preserving
a Lorentz metric is always finite dimensional). We will find some results
that concern the conformal group and some that concern only the isometry
1A Riemannian manifold on which the conformal group acts non properly is conformally
diffeomorphic to the round sphere or to the Euclidian space
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group. It can be translated in terms of the group that preserves one of the
two objects (the foliations), and the group that preserves both.
1.4.4. Regularity of the conjugacy. Even though Theorem 1.2 and 1.4 give a
classification of the possible isometry groups for spatially compact Lorentz
surfaces, they do not give any classification of those surfaces up to isometry.
Such a classification would require a characterisation of ρM1 , ρ
M
2 up to con-
jugacy in Diff(S1). This problem is addressed [Mon14a] in the case where
(M,g) is conformal to the De Sitter space dS2.
1.4.5. Non spatially compact surfaces. The two representations ρM1 , ρ
M
2 are
only defined for spatially compact surfaces. If we consider globally hyper-
bolic surfaces that are not spatially compact, then we find representations
in Diff(R). For the universal covers of spatially compact surfaces, we find
groups that are topologically conjugate to subgroups of the universal cover
P˜SL(2,R). The transverse geometry of Anosov flows points out that larger
groups can act on globally hyperbolic surfaces. Given an Anosov flow ϕt on
a compact three-manifold M that preserves a volume form ω, the space Qϕ
of orbits of the lift of ϕt to the universal cover M˜ is endowed with a Lorentz
metric that is preserved by the action of the fundamental group π1(M). Such
flows exist on many hyperbolic manifolds (see [FH13]). These examples be-
long to a special subcategory of Anosov flows: they are R-covered ([Bar01]),
which means that the Lorentz metric on Qϕ is globally hyperbolic.
Fundamental groups of hyperbolic three-manifolds are not subgroups of
P˜SL(2,R), so Theorem 1.1 cannot be simply extended to globally hyperbolic
surfaces just by replacing PSL(2,R) with P˜SL(2,R).
However, note that these examples all have low regularity: the differ-
entiability of the Lorentz metric on Qϕ is that of the stable and unstable
foliations, hence only C1+ε (for all ε < 1).
1.4.6. Without global hyperbolicity. Finally, another possible generalisation
would be to all Lorentz surfaces. In this case, the space of lightlike geodesics
is a one dimensional non Hausdorff manifold (we can still define charts locally,
but there is no condition on the global topology). This would lead to group
actions on one dimensional non Hausdorff manifolds, which has been studied
(see [Bar98]).
1.5. Overview. After giving the necessary Lorentzian background, we will
start by defining two conformal models for spatially compact surfaces. The
first is an immersion in the flat torus that has the advantage of being directly
linked to the representations ρM1 and ρ
M
2 . The second is an embedding in
the flat cylinder, that will allow us to deal with manifolds that do not embed
in the flat torus.
In the third part, we describe the main examples of spatially compact sur-
faces with a non proper action of the isometry group. Next, we introduce the
necessary tools of circle dynamics, the main one being convergence groups.
In section 5, we show how it is sufficient to treat the case where (M,g) em-
beds conformally in the flat torus. This will allow us to prove Theorem 1.2 in
section 6. Finally, sections 7 and 8 are dedicated to the proof of Theorem 1.4.
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Their length is due to the difficulty of manipulating the (h, k)-convergence
property.
2. Two conformal models
2.1. Lorentzian background. We will only use some basic notions of Lo-
rentzian geometry (for more details, see [BEE03], [HE73], [O’N83], or the
introduction chapter of [O’N95]). A Lorentz manifold is a manifold M
equipped with a symmetric (2, 0)-tensor g of signature (−,+, . . . ,+), called
a Lorentz metric. If the regularity is not explicitly stated, we will assume
Lorentz metrics to be C2. A tangent vector u ∈ TxM is said to be timelike
(resp. spacelike, lightlike, causal) if gx(u, u) < 0 (resp. gx(u, u) > 0,
gx(u, u) = 0, gx(u, u) ≤ 0). A curve or a submanifold of M is said to be
timelike, spacelike, lightlike or causal if all its tangent vectors have the cor-
responding type.
A time orientation of (M,g) is a timelike vector field. We will call a time
oriented Lorentz manifold a spacetime. It allows us to define future (resp.
past) directed causal vectors as vectors in the same connected component
of the cone g < 0 (resp. in the other connected component). A future (resp.
past) directed curve is a curve whose tangent vectors are future (resp. past)
directed. Given a point x ∈ M , we define its future J+(x) (resp. its past
J−(x)) to be the set of endpoints of future (resp. past) curves starting at x.
A conformal transformation is said to be time orientation preserving
if it sends future directed vectors on future directed vectors. We will denote
by Conf(M,g) (resp. Isom(M,g)) the set of orientation and time orienta-
tion preserving conformal diffeomorphisms (resp. isometries). The isometry
group is always a finite dimensional Lie Group ([Ada01]).
A spacetime (M,g) is said to be globally hyperbolic if there is a topo-
logical hypersurface S ⊂M (called a Cauchy hypersurface) such that every
inextensible causal curve intersects S exactly once. Smooth Cauchy hyper-
surfaces always exist ([BS03]), moreover they are diffeomorphic to each other
and M is diffeomorphic to R×S. We say that it is spatially compact if it
is globally hyperbolic and it has a compact Cauchy hypersurface. If (M,g)
is globally hyperbolic and x, y ∈M , then J+(x) ∩ J−(y) is compact.
Just as in the Riemannian case, a Lorentz metric defines a Levi-Civita
connection, and we can define geodesics. They can be timelike, spacelike
or lightlike. Unparametrised lightlike geodesics are preserved by conformal
transformations. There is also a notion of curvature (and constant sectional
curvature implies local isometry with a model space).
Because of the connection, isometries are defined by their 1-jet: if an isom-
etry f has a fixed point x such that Dfx is the identity map, then f is the
identity. This property is important as it is the reason for which a Lorentz
metric can be considered a rigid geometric structure.
In this paper, we will only deal with dimension two. Many questions about
Lorentz surfaces have been studied, both in the compact case (e.g. complete-
ness [CR94], conjugate points [BM13], closed geodesics [Suh13]) and in the
non compact case (see [Wei96]).
2.2. The lightlike foliations and actions on the circle. If (M,g) is
a time oriented Lorentz surface, then we can define two one dimensional
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foliations F1 and F2 of M given by the lightlike geodesics (an orientation
of M ≈ R × S1 differentiates the two foliations). Let Fi = M/Fi be the
quotient and pi :M → Fi the associated projection. The restriction of pi to
a Cauchy hypersurface is a diffeomorphism. Therefore, if (M,g) is spatially
compact, then Fi is diffeomorphic to S
1.
A conformal diffeomorphism sends (unparametrised) lightlike geodesics to
lightlike geodesics, i.e. it preserves F1 ∪ F2. If it preserves the orientation,
then it preserves F1 and F2, and it acts on the quotients, which gives two
representations ρMi : Conf(M,g)→ Diff(Fi) ≈ Diff(S
1), i = 1, 2.
Note that ρM1 , ρ
M
2 are well defined up to conjugacy in Diff(S
1).
2.3. Immersion in the flat torus. The map x 7→ (p1(x), p2(x)) sends M
into F1 × F2. By choosing identifications between F1, F2 and S
1, it gives us
a map from M to T2. We will denote by p the map obtained after reversing
the orientation on F1 (i.e. p(x) = (−p1(x), p2(x))).
Proposition 2.1. The map p : (M, [g]) → (T2, [dxdy]) is a conformal im-
mersion. If it is injective, then it is a conformal diffeomorphism onto its
image.
Proof. The kernel of dxpi is the tangent space to Fi at x, therefore ker dxp
is the intersection of two transversal lines and is equal to {0}, and p is an
immersion. The image of isotropic vectors in (M,g) being isotropic vectors
for (T2, dxdy), we see that the metric g is sent to a (not necessarily positive)
multiple of dxdy. Since we changed the orientation of F1 in the definition of
p, the future is given by moving negatively along the x-axis and positively
along the y-axis, i.e. the metric is conformal to +dxdy.
By equality of dimensions, the immersion p is an open map, and it only
needs to be injective in order to be a diffeomorphism onto its image. 
We call (T2, dxdy) the flat Lorentzian torus.
The injectivity of p is equivalent to the following property: two lightlike
geodesics have at most one intersection point (i.e. there are no null conjugate
points).
Since all globally hyperbolic open sets of T2 satisfy this property, we see
that p is injective if and only if (M,g) embeds conformally in (T2, dxdy).
This makes p canonical in some sense: given a spatially compact surface
that embeds conformally in T2, there are many conformal embeddings, but
we can choose one that satisfies certain properties.
2.4. Embedding in the flat cylinder.
2.4.1. Definition. The problem that we encounter with the previous confor-
mal model is that it is not always an embedding, but only an immersion.
However, we will now see that there is another conformal model that always
give an embedding.
The flat Lorentzian cylinder is the quotient of the Minkowski plane
by a spacelike translation (note that these quotients are not all isometric to
each other, but they are conformally equivalent).
Theorem 2.2. All spatially compact surfaces embed conformally in the flat
Lorentzian cylinder.
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Proof. Let (M,g) be a spatially compact surface, and consider its universal
cover (M˜, g˜). It also has two foliations by lightlike geodesics F˜1, F˜2, and
the quotients F˜1, F˜2 are diffeomorphic to the real line R. This gives us a
conformal immersion p˜ : (M˜ , [g˜]) → (R2, [dxdy]). This time, however, it is
always an embedding: two distinct lightlike geodesics on a simply connected
Lorentz surface intersect at most once (see p.51 in [Wei96]).
Let F ∈ Isom(M˜, g˜) be a generator of π1(M). It is a conformal diffeo-
morphism for [dxdy], therefore it can be written F (x, y) = (f1(x), f2(y)) for
some f1, f2 ∈ Diff(R). Since the quotient of M˜ by F is causal, we see that
(x, y) ∈ p(M˜) and F (x, y) are not causally related (i.e. they are not in the
future or in the past of each other). This shows that either f1(x) > x and
f2(y) > y, either f1(x) < x and f2(y) < y (for one (x, y), hence for all (x, y)
because M˜ is connected). So up to replacing F by F−1, we can assume that
f1(x) > x and f2(y) > y for all x, y ∈ R. This implies that they are both
differentially conjugate to the translation x 7→ x+1, and we can assume that
F (x, y) = (x + 1, y + 1). This shows that (M,g) embeds in the quotient of
R
2 by the map F , which is the flat Lorentzian cylinder. 
Even though this conformal model gives an embedding for M , we will
mostly use the map p˜ defined on the universal cover M˜ .
2.4.2. Conformal classification. We have a simple characterisation of the im-
age in R2. We call an open set U ⊂ R2 canonically embedded if there is
a spatially compact surface (M,g) such that U = p˜(M˜ ).
Proposition 2.3. Let U ⊂ R2 be a canonically embedded open set. There are
non decreasing maps h˜←, h˜↓ : R→ R ∪ {−∞} and h˜→, h˜↑ : R→ R ∪ {+∞}
that commute with the translation x 7→ x+ 1 such that :
U = {(x, y) ∈ R2|h˜↓(x) < y < h˜↑(x)}
= {(x, y) ∈ R2|h˜←(y) < x < h˜→(y)}
Proof. Every x ∈ R defines a vertical line in U : there are h˜↓(x) ∈ [−∞ ,+∞[
and h˜↑(x) ∈ ]−∞ ,+∞] such that:
{x} × R ∩ U = {x} × ]h˜↓(x) , h˜↑(x)[
Since U is invariant under the map (x, y) 7→ (x + 1, y + 1), we see that
h˜↑(x+ 1) = h˜↑(x) + 1 and h˜↓(x+ 1) = h˜↓(x) + 1 for all x ∈ R.
Assume that there is x0 ∈ R such that h˜↓(x0) 6= −∞. Let x > x0, and
assume by contradiction that (x, h˜↓(x0)) ∈ U . If y > h˜↓(x0), the diamond
J+(x, h˜↓(x0))∩ J
−(x0, y) contains (x0, h˜↓(x0)) and is not included in U (see
Figure 1), which implies that U is not globally hyperbolic and is absurd.
Hence (x, h˜↓(x0)) /∈ U and h˜↓(x) ≥ h˜↓(x0) > −∞. This shows that h˜↓ is
non decreasing. Reversing the time orientation shows that h˜↑ is also non
decreasing.
By exchanging the roles of x and y, we define h˜← and h˜→ in the same
way. 
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x0 x
Gr(h˜↓)
h˜↓(x0)
y
Figure 1. h˜↓ is non decreasing
This implies that a spatially compact surface is conformally diffeomorphic
to an open set of the flat cylinder delimited by non timelike curves. Note
that if there is x0 ∈ R such that h˜↓(x0) = −∞ (resp. h˜↑(x0) = +∞), then
h˜↓(x) = −∞ (resp. h˜↑(x) = +∞) for all x ∈ R.
The map h˜↑ (resp. h˜↓) is always left continuous (resp. right continuous).
All such maps can be obtained: given h˜−, h˜+ : R → R non decreasing
that commute with x 7→ x + 1, such that h˜− < h˜+ and h˜+ (resp. h˜−)
is left continuous (resp. right continuous), we obtain a spatially compact
surface M whose universal cover is the set of points (x, y) ∈ R2 such that
h˜−(x) < y < h˜+(x). It is unique up to a conformal diffeomorphism.
The boundary ∂U ⊂ R2 is the union of the graphs of h˜↓ and h˜↑ and of
the vertical lines joining discontinuities (we set the graphs of the constants
±∞ to be the empty set). We can define the conformal boundary ∂M of a
spatially compact surface (M,g) to be the projection of the boundary of U
in the flat cylinder. It is an achronal set (two points cannot be joined by
a timelike curve). However, if h˜↓ or h˜↑ is constant on an interval, then the
boundary can contain causal curves. Such causal curves in the boundary can
only arise when h˜↓ and h˜↑ fail to be homeomorphisms.
Definition 2.4. Let (M,g) be a spatially compact surface. We say that the
conformal boundary is acausal if the maps h˜↓, h˜↑ are either homeomorphisms
of R either infinite.
Note that this boundary falls in the general concept of conformal boundary
for spacetimes (see [FHS11]). It is a general fact that the conformal boundary
of a globally hyperbolic spacetime is achronal, but not necessarily acausal.
2.4.3. From the cylinder to the torus. Given a spatially compact surface
(M,g), we have defined a conformal embedding p˜ : M˜ → R2 and a confor-
mal immersion p : M → T2. If we denote by π : M˜ → M the (Lorentzian)
universal cover and by π0 : R
2 → T2 = R2/Z2 the universal cover of the flat
torus, then it follows from the definitions that π0 ◦ p˜ = p ◦ π.
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The projections of (x, y) and (x, y + 1) in the flat cylinder are different
points on the same lightlike geodesics. This shows that M embeds confor-
mally in the torus if and only if h˜↑(x) − h˜↓(x) ≤ 1 for all x ∈ R. In this
case, if we denote by h↑, h↓ the associated maps on the circle, then we find
that p(M) = {(x, y) ∈ S1 × S1|h↓(x) < y < h↑(x) ≤ h↓(x)}. We also see
that if the conformal boundary of (M,g) is acausal, then h↑ and h↓ are circle
homeomorphisms.
Proposition 2.5. Let (M,g) be a spatially compact surface with an acausal
conformal boundary. If (M,g) embeds conformally in the torus, then the
representations ρM1 and ρ
M
2 are topologically conjugate.
Proof. Given ϕ ∈ Conf(M,g) and (x, y) ∈ p(M), we can write:
p ◦ ϕ ◦ p−1(x, y) = (ρM1 (ϕ)(x), ρ
M
2 (ϕ)(y))
Since for all x ∈ S1 there is y ∈ S1 such that (x, y) ∈ p(M), the fact that
p ◦ ϕ ◦ p−1 preserves ∂p(M) implies that ρM2 ◦ h↓ = h↓ ◦ ρ
M
1 and ρ
M
2 ◦ h↑ =
h↑ ◦ ρ
M
1 . 
Since the maps h˜↑, h˜↓, h˜→, h˜← commute with x 7→ x+1, they define maps
on S1 as soon as they are finite, which is the case when (M,g) embeds in
the torus. Let h↑, h↓, h→, h← be the induced maps on the circle. Using the
invariance of p˜(M˜ ) ⊂ R2 by lifts of conformal diffeomorphisms, we obtain
the following relations:
Proposition 2.6. Let (M,g) be a spatially compact surface that embeds
conformally in T2. If ϕ ∈ Conf(M,g), then the maps h↑, h↓, h→, h← satisfy:
ρM2 (ϕ) ◦ h↓ = h↓ ◦ ρ
M
1 (ϕ)
ρM2 (ϕ) ◦ h↑ = h↑ ◦ ρ
M
1 (ϕ)
ρM1 (ϕ) ◦ h← = h← ◦ ρ
M
2 (ϕ)
ρM1 (ϕ) ◦ h→ = h→ ◦ ρ
M
2 (ϕ)
Note that when the conformal boundary is acausal, we automatically have
h→ = h
−1
↓ and h← = h
−1
↑ .
2.4.4. Link with (G,X)-structures. What is at the heart of the two confor-
mal models that we have defined is the fact that surfaces are conformally flat.
It is a simple observation for Lorentz surfaces, and a Theorem of Gauss for
Riemannian surfaces. In general, it is only a local condition, i.e. we have lo-
cal conformal diffeomorphisms with the Minkowski space, but we have shown
that we can find a global embedding for globally hyperbolic surfaces. This
translates in terms of completeness of a (G,X)-structure.
If G is a group acting by diffeomorphisms on a simply connected manifold
X, then a (G,X)-structure on a manifold M is an atlas of local diffeomor-
phisms with X, the transitions maps being elements of G. If the action is
analytic (i.e. elements of G are uniquely defined by their action on a small
open set), then we can define a holonomy morphism h : π1(M)→ G and an
equivariant map D : M˜ → X called the developing map. A (G,X)-structure
is said to be complete if D is injective (which means that M is a quotient of
an open set of X).
12 DANIEL MONCLAIR
What is interesting here is that we have shown completeness for a struc-
ture where even the existence of the developing map is not given by the
general theory (the action of the conformal group is not analytic).
3. Examples
3.1. The constant curvature model spaces. A particularity of two di-
mensional Lorentzian geometry is that, from the isometry group point of
view, there are only two constant curvature geometries. Indeed, if (M,g) is
a Lorentz surface, then −g is also a Lorentz metric. If Kg is the curvature
of g, then the curvature of −g is K−g = −Kg. This shows that the positive
and negative constant curvature spaces have the same isometry group.
The flat simply connected model is the Minkowski space R1,1 = (R2, dxdy).
The spatially compact model is the flat cylinder: it is the quotient of R1,1 by
a spacelike translation. The second conformal model described above shows
that any spatially compact surface is conformal to an open set of the flat
cylinder bounded by two spacelike curves.
As we mentioned earlier, the positive and negative constant curvature
spaces share the same isometry group. However, the causality of a metric g
does not imply the causality of −g. In the classic model spaces, the positive
model is the one sheeted hyperboloïd in R1,2. It is spatially compact. But
the negative curvature model is not causal. For this reason, we will only
consider the positive curvature model.
We consider RP1 = R ∪ {∞} and we endow dS2 = RP
1 × RP1 \∆ with
the Lorentz metric gdS2 =
4dxdy
(x−y)2
. It is preserved by the diagonal action of
PSL(2,R) acting projectively on RP1 (i.e. the matrix
(
a b
c d
)
acts by the
homography x 7→ ax+bcx+d), and it has constant curvature 1. It is isometric to
the one sheeted hyperboloïd, and the isometry gives the classic isomorphism
PSL(2,R) ≈ SO◦(1, 2) (see [DG00]).
3.2. Open sets of dS2 and subgroups of PSL(2,R). We wish to under-
stand which spatially compact surfaces (M,g) can satisfy ρM1 = ρ
M
2 and
ρM1 (Isom(M,g)) ⊂ PSL(2,R). We will first focus on open sets of dS2 and
conformal changes of the metric on these open sets.
Given h ∈ Homeo(S1), the connected components of S1×S1 \ (∆∪Gr(h))
are globally hyperbolic (because h is orientation preserving), so they have
two possible topologies: either a plane or a cylinder. If h has no fixed point,
then S1 × S1 \ (∆ ∪ Gr(h)) has two connected components, both spatially
compact. If h has at least one fixed point, then there is one spatially compact
component, which we denote it by Ωh (see Figure 2). The action of a group
Γ ⊂ PSL(2,R) preserves Ωh if and only h commutes with every element of Γ.
This shows that looking for open sets preserved by a subgroup of PSL(2,R)
can be achieved by constructing homeomorphisms that commute with every
element of the group. Note that Γ acts non properly on Ωh if and only if
it acts non properly on dS2, which is equivalent to Γ not being relatively
compact (this will be shown in Proposition 4.8).
If gσ = e
σgdS2 , then the action of Γ ⊂ PSL(2,R) is isometric for g if and
only if σ is invariant under Γ.
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Gr(h)
Ωh
Figure 2. Ωh
Note that all subgroups cannot have a non trivial commuting homeomor-
phism or invariant function. If Γ = PSL(2,Z) (or any lattice), then it has
dense orbits on dS2, which shows that any invariant function is constant, and
the only commuting homeomorphism is the identity. The important notion
is the limit set. If Γ ⊂ PSL(2,R) is a subgroup, then let LΓ ⊂ S
1 be a
minimal closed Γ-invariant subset of S1. There are three possibilities for LΓ:
it can be a finite set, a Cantor set, or S1. We say that Γ is non elementary
if LΓ is infinite. In this case, it is uniquely defined, and it is equal to the
intersection of S1 = ∂∞H
2 with Γ.x for all x ∈ H2.
Proposition 3.1. Let Γ ⊂ PSL(2,R) be a subgroup such that LΓ 6= S
1.
Then there is h ∈ Homeo(S1) \ {Id} that commutes with every element of Γ.
Proof. We write S1 \LΓ =
⋃
i∈N Ii as the union of its connected components.
This induces an action of Γ on N, and let R ⊂ N be a fundamental domain.
For i ∈ R, we set h/Ii to be a homeomorphisms fixing the endpoints of
Ii that commutes with the elements of Γ stabilizing Ii and that is not the
identity. For γ ∈ Γ, we set h/γ(Ii) = γ ◦ h/Ii ◦ γ
−1. It is well defined because
if γ1(Ii) ∩ γ2(Ii) 6= ∅, then γ
−1
2 γ1 stabilizes Ii, hence commutes with h/Ii ,
and γ1 ◦ h/Ii ◦ γ
−1
1 = γ2 ◦ h/Ii ◦ γ
−1
2 .
It is continuous because it is the identity on LΓ, and it commutes with all
elements of Γ. 
If h 6= Id, then Ωh is not conformal to dS2, so we cannot expect all the
Lorentz surfaces under study to be conformal to dS2, even if the group is
non elementary.
It is easy to see that the conformal boundary is not necessarily acausal:
if Γ ⊂ PSL(2,R) is non elementary and LΓ 6= S
1, then write S1 \ LΓ =⋃
n∈N]an , bn[, and let h be the identity on LΓ and h(x) = bn for x ∈ ]an , bn[.
It is a non decreasing map of degree one that commutes with Γ, and it bounds
an open set of dS2 invariant by Γ.
Proposition 3.2. Let Γ ⊂ PSL(2,R) be a subgroup such that LΓ 6= S
1.
Then there is a non constant smooth Γ-invariant function σ : dS2 → R.
Proof. Start by writing S1 \ LΓ =
⋃
i∈N Ii as the union of its connected
components. We start by setting σ = 0 on (Lρ(Γ) × S
1 ∪ S1 ×Lρ(Γ)) \∆ and
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on Ii × Ii \∆ for i ∈ N. For x ∈ Ii × Ij with i 6= j, consider R1, R2, R3, R4
the four rectangles that have x as one corner and a corner of Ii × Ij as the
opposite corner (see Figure 3). Let σ(x) = ω(R1)ω(R2)ω(R3)ω(R4) where ω
is the volume form associated to the de Sitter metric. By using the explicit
formula ω([a , b]× [c , d]) = 4Log([a, b, c, d]) where [a, b, c, d] = a−ca−d
b−d
b−c is the
cross-ratio, we see that σ is continuous. The function σ is smooth in the
interior of rectangles Ii × Ij , i.e. where it is non zero. If F : R → R is
smooth and constant on a neighbourhood of 0 sufficiently small so that F ◦σ
is not constant, then F ◦ σ is Γ-invariant, non constant and smooth.
There are many other ways of constructing invariant functions. We could
set σ(x) on Ii×Ii to be F (ω(R)) where R is the rectangle amongst R1, R2, R3
and R4 defined above that is included in S
1 × S1 \∆ (see Figure 3).
Finally, we could also choose σ arbitrarily on the squares Ii× Ii where i is
in a fundamental domain for the action of Γ on the connected components
of S1 \ LΓ, and let σ be constant on rectangles Ii × Ij with i 6= j. 
Ii
Ij
R1 R2
R3 R4
x x
R
Figure 3. Construction of invariant functions
This result implies that the curvature of a Lorentz surface with a non
proper action of the isometry group is not necessarily constant.
By choosing the function σ arbitrarily on the rectangles Ii × Ij where
(i, j) lies in a fundamental domain for the action of Γ on N2 and extending
by invariance (and always composing with a cut-off function in R to get
smoothness), we could show that there are Lorentz metrics such that all
the local isometries are restrictions of elements of Γ (by showing that such
a metric is generic in the set of Γ-invariant metrics, following the proof of
Sunada [Sun85] for Riemannian manifolds).
Note that the same method would work on Ωh and could produce an
invariant metric gσ that is not extendible to S
1×S1\∆, so maximal spatially
compact surfaces can have a non trivial conformal boundary, eventually not
acausal.
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3.3. Finite covers. If (M,g) is a spatially compact surface, then so are its
finite covers. By applying this to the De Sitter space, we find space-times
for which the representations ρM1 , ρ
M
2 have values in PSLk(2,R) (the order
k covering of PSL(2,R), its elements are the lifts of elements of PSL(2,R)
to the order k covering of S1, which is still a circle).
By taking finite covers of the examples constructed above, we obtain
groups that are covers of subgroups of PSL(2,R). However, by using similar
constructions starting with the k covering of dS2, we obtain subgroups of
PSLk(2,R) that are not covers of subgroups of PSL(2,R).
3.4. Extensions of dS2. A common property to the examples that we have
defined so far is that they all embed conformally in the flat torus. However,
it is not always the case.
Proposition 3.3. There are spatially compact surfaces (M,g) with a non
proper action of Isom(M,g) that do not embed conformally in T2.
Proof. Start with γ ∈ PSL(2,R) a parabolic element. Let x0 ∈ S
1 be its fixed
point. We consider the open sets U = {(x, y) ∈ S1 × S1|x0 < y < x < x0}
and V = {(x, y) ∈ S1 × S1|x0 < γ(x) < y < x0}. Up to replacing γ by
γ−1, we can assume that ∆ \ {(x0, x0)} ⊂ V . Let gU be the restriction to
U of the De Sitter metric. Let gV be a metric on V preserved by γ that is
equal to the De Sitter metric in a neighbourhood of the axes of γ (such a
metric exists because γ acts properly on the complement of the axes). Let
M be the manifold obtained by gluing U and V along {x0}×S
1∪S1×{x0}.
Since the metrics gU and gV are equal on a neighbourhood of the glued
parts, they endow M with a Lorentz metric g that is preserved by γ. The
lightlike geodesics leaving from a point of U ∩ V meet again, and γ acts non
properly on M . The graph of any rotation Rα is a Cauchy hypersurface in
M , therefore it is spatially compact. 
dS2 U V
∆ ∆
Gr(γ)
Figure 4. Extension of dS2
We constructed this example with a parabolic element, but the same
method would apply with a hyperbolic element, or more generally with any
subgroup Γ ⊂ PSL(2,R) such that LΓ 6= S
1.
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4. Actions on the circle
4.1. Minimal closed invariant subsets of S1. An important object in
the study of groups of circle homeomorphisms is a minimal closed invariant
set. It extends the notion of limit set for subgroups of PSL(2,R). Given a
group G ⊂ Homeo(S1), exactly one of the following conditions is satisfied
(see [Ghy01] for a proof and more detail):
(1) G has a finite orbit
(2) All orbits of G are dense
(3) There is a compact G-invariant subset K ⊂ S1 which is infinite and
different from S1, such that the orbits of points of K are dense in K.
In the first case, all finite orbits have the same cardinality. In the third
case, the set K is unique, and it is homeomorphic to a Cantor set. We
can call a group G ⊂ Homeo(S1) non elementary if it does not have any
finite orbit, and use LG to denote S
1 in the second case and the G-invariant
compact set K in the third case. If G ⊂ PSL(2,R), then LG is its limit set,
so there is no notation conflict.
4.2. Semi conjugacy. Let us recall a few results of [Ghy87] on semi conju-
gacy.
Definition 4.1. We say that σ : Γ → Homeo(S1) is semi conjugate to
τ : Γ→ Homeo(S1) if there is a non constant map h : S1 → S1 which is non
decreasing of degree one (i.e. that has a non decreasing lift h˜ : R → R such
that h˜(x+ 1) = h˜(x) + 1) such that h ◦ σ(γ) = τ(γ) ◦ h for all γ ∈ Γ.
The advantage of this definition (contrary to the standard definition where
h is asked to be continuous) is that semi conjugacy is an equivalence relation.
For elementary groups, we have a simple characterisation of semi conju-
gacy:
Proposition 4.2. Let ρ : Γ→ Homeo(S1) have a finite orbit E ⊂ S1 with at
least two elements. A representation τ : Γ → Homeo(S1) is semi conjugate
to ρ if and only if it has a finite orbit F ⊂ S1 such that there is a cyclic order
preserving bijection from E to F which is equivariant under the actions of
Γ.
Consequently, if ρ and τ are semi conjugate, then ρ is non elementary if
and only if τ is non elementary. If (M,g) is a spatially compact surface that
embeds conformally in T2, then ρM1 (Isom(M,g)) is non elementary if and
only if ρM2 (Isom(M,g)) is non elementary, therefore it is a property of the
isometry group.
Definition 4.3. Let (M,g) be a spatially compact surface that embeds con-
formally in T2. We say that a subgroup G ⊂ Isom(M,g) is elementary if
ρM1 (G) is elementary.
We saw that if there is no finite orbit, then either there is an invariant
Cantor set, or all orbits are dense. However, this distinction is not detectable
under semi conjugacy:
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Proposition 4.4. Let ρ : Γ → Homeo(S1) be a non elementary represen-
tation with an invariant Cantor set Lρ(Γ). Then ρ is semi conjugate to a
minimal representation ρˆ : Γ→ Homeo(S1).
The proof can be found in [Ghy01] and consists in collapsing the circle
along the Cantor set Lρ(Γ). Our goal for spatially compact surfaces whose
isometry group acts non properly is to show that the collapsed represen-
tations ρˆM1 and ρˆ
M
2 are topologically conjugate to actions of subgroups of
PSLk(2,R).
4.3. Rotation number of h→↑. In order to introduce a generalised notion
of convergence groups, we will need a homeomorphism that commutes with
ρM1 . If the conformal boundary is acausal, then such a homeomorphism is
given by h→↑ = h→ ◦h↑. Its class under differentiable conjugacy is a confor-
mal invariant.
The principal invariant under topological conjugacy for circle homeomor-
phisms is the rotation number. We will see that if the isometry group acts
non properly, then there is a restriction on the values that it can take for
h→↑.
For the k-cover of dS2, we find h→ = Id and h↑ = R 1
k
, so h→↑ = R 1
k
. We
will see that this is part of a more general property.
Proposition 4.5. Let (M,g) be a spatially compact surface with an acausal
conformal boundary that embeds conformally in T2. Assume that Isom(M,g)
acts non properly on M . Then there is k ∈ N such that the rotation number
of h→↑ is
1
k .
Proof. Let α be the rotation number of h→↑, and assume that α is not equal
to 1k for some k ∈ N. Since the cyclic order of the elements of an orbit for
h→↑ is the same as for the rotation Rα, there are x ∈ S
1 and n ∈ Z such
that x < (h→↑)
n(x) < h→↑(x) < x. By setting y = h→(x), we find that
h↓(y) < (h→↑)
n(h↓(y)) < h↑(y) < h↓(y), i.e. (y, (h→↑)
n(h↓(y))) ∈ p(M).
If the graphs of (h→↑)
n ◦ h↓ and h↓ (resp. h↑) were to intersect, then
(h→↑)
n (resp. (h→↑)
n−1) would have a fixed point, i.e. its rotation number
nα (resp. (n − 1)α) is equal to 0. If α is irrational, this is impossible. If α
is rational, then n can be chosen such that nα = 1k for some k ≥ 2, hence
nα 6= 0 and (n− 1)α 6= 0.
This implies that K = Gr((h→↑)
n ◦h↓) ⊂ p(M) is a Conf(M,g)-invariant
compact set in M . Since it is a spacelike circle, we can define a distance
on K as the infimum of lengths of spacelike curves joining two points. It is
preserved by the isometry group, which shows that the action of Isom(M,g)
on K is equicontinuous. The projection of K onto the first and second coor-
dinates of S1×S1 shows that the action of Isom(M,g) on K ≈ S1 is topolog-
ically conjugate to ρM1 and ρ
M
2 , hence ρ
M
1 (Isom(M,g)) and ρ
M
2 (Isom(M,g))
are compact. This implies that Isom(M,g) acts properly on p(M), hence on
M . 
4.4. Properness and compactness.
Lemma 4.6. Let (M,g) be a spatially compact surface that embeds confor-
mally in T2. Assume that the conformal boundary is acausal. Then the maps
ρM1 , ρ
M
2 : Isom(M,g)→ Homeo(S
1) are proper.
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Proof. We identify M with p(M) ⊂ T2. Let ϕn → ∞ in Isom(M,g). By
contradiction, let us assume that the sequence ρM1 (ϕn) is equicontinuous.
Then, up to a subsequence, it converges to f1 ∈ Homeo(S
1). Since ρM1 and
ρM2 are topologically conjugate, we see that there is f2 ∈ Homeo(S
1) such
that ρM2 (ϕn) → f2. Let ϕ : T
2 → T2 be defined by ϕ(x, y) = (f1(x), f2(y)).
Then ϕn → ϕ uniformly on T
2, and ϕ(M) = M . Since Isom(M,g) is a
closed subgroup of Homeo(M) (see [Ada01]), we see that ϕ ∈ Isom(M,g)
and ϕn → ϕ in Homeo(M) hence in Isom(M,g), which is absurd because
ϕn → ∞. Hence ρ
M
1 (ϕn) → ∞. This shows that ρ
M
1 : Isom(M,g) →
Homeo(S1) is a proper map, and the same goes for ρM2 . 
As a consequence of this, we see that the groups ρMi (Isom(M,g)) are closed
subgroups of Homeo(S1). With the same proof, we would obtain the same
for Conf(M,g) by replacing Homeo(S1) with Diff(S1) (because Conf(M,g)
is closed in Diff(M), but not necessarily in Homeo(M)).
Let us quote a technical result that we will use.
Lemma 4.7. Let α ∈ S1 and let f ∈ Homeo(S1) have α as its rotation
number. There is x ∈ S1 such that f(x) = Rα(x).
For the proof, see Lemme 4.1.3 in [Her79].
Proposition 4.8. Let (M,g) be a spatially compact surface with an acausal
conformal boundary that embeds conformally in T2. Let G ⊂ Isom(M,g) be
a subgroup. The following statements are equivalent:
(1) G acts properly on M
(2) G ⊂ Homeo(M) is relatively compact
(3) ρM1 (G) ⊂ Homeo(S
1) is relatively compact
(4) ρM2 (G) ⊂ Homeo(S
1) is relatively compact
Proof. (2) ⇒ (1) It follows from the definition of a proper action that rela-
tively compact groups always act properly.
(3) ⇐⇒ (4) comes from the fact that ρM1 and ρ
M
2 are topologically conju-
gate.
(2) ⇐⇒ (3) is a straightforward consequence of the fact that the map
ρM1 : Isom(M,g)→ Homeo(S
1) is proper.
(1)⇒ (2) We start by considering:
W = {f ∈ Homeo(S1)|∀x ∈ S1 x < f(x) < h→ ◦ h↑(x) ≤ x}
It is a non empty open set of Homeo(S1). For α small enough and positive,
the rotation Rα is in W . Let α be such that Rα ∈W .
We note K = Gr(h↓ ◦Rα). If x ∈ S
1, then applying h↓ to the inequalities
x < Rα(x) < h→ ◦ h↑(x) ≤ x shows that (x, h↓ ◦Rα(x)) ∈ p(M), hence K is
a compact subset of M .
Let ϕ ∈ Isom(M,g). Since the rotation number is an invariant under
conjugacy, Lemma 4.7 implies that there is x ∈ S1 such that:
ρM1 (ϕ) ◦Rα ◦ ρ
M
1 (ϕ)
−1(x) = Rα(x)
Since h↓ ◦ ρ
M
1 (ϕ) = ρ
M
2 (ϕ) ◦ h↓, we see that:
ρM2 (ϕ) ◦ (h↓ ◦Rα) ◦ ρ
M
1 (ϕ)
−1(x) = h↓ ◦Rα(x)
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This means that (x, h↓ ◦Rα(x)) ∈ Gr(ρ
M
2 (ϕ)◦ (h↓ ◦Rα)◦ρ
M
1 (ϕ)
−1) = ϕ(K),
i.e. (x, h↓ ◦Rα(x)) ∈ K ∩ϕ(K). We have shown that there is a compact set
K ⊂M such that K ∩ ϕ(K) 6= ∅ for all ϕ ∈ Isom(M,g). This shows that if
G ⊂ Isom(M,g) acts properly on M , then it is relatively compact. 
This result does not hold when (M,g) does not embed conformally in
the torus: the isometry group of the flat cylinder is R × R/Z which is not
compact, but it acts properly on the cylinder.
We can now prove Theorem 1.5 in the case where the isometry group acts
properly.
Proposition 4.9. Let (M,g) be a spatially compact surface that embeds
conformally in T2, with an acausal conformal boundary. If Isom(M,g) acts
properly on M , then ρM1 is topologically conjugate to a representation in
SO(2,R) ⊂ PSL(2,R).
Proof. By Lemma 4.6, we see that ρM1 (Isom(M,g)) is closed in Homeo(S
1),
and Proposition 4.8 implies that it is compact, therefore topologically con-
jugate to a subgroup of SO(2,R). 
4.5. The convergence property. Finding a conjugacy between a subgroup
of Homeo(S1) and a subgroup of PSL(2,R), when it exists, is a rather com-
plicated exercise. But there is a characterisation of the existence of such a
conjugacy that does not require to find it explicitly.
Definition 4.10. A sequence (fn)n∈N ∈ Homeo(S
1)N has the convergence
property if there are a, b ∈ S1 such that, up to a subsequence, fn(x) → b for
all x 6= a.
A group G ⊂ Homeo(S1) is a convergence group if every sequence in G either
satisfies the convergence property or has an equicontinuous subsequence.
The classical definition of a convergence group also implies the sequence
of the inverses f−1n , but it is not necessary in the case of S
1.
Theorem 4.11 (Gabai [Gab92], Casson-Jungreis [CJ94]). A convergence
group G ⊂ Homeo(S1) is topologically conjugate to a subgroup of PSL(2,R).
In the case of finite covers of PSL(2,R), we have to generalise the notion
of convergence groups to the case where there can be more limit points. The
most simple generalisation would be to keep the same definition but to have k
possible limit points, as it is the case for subgroups of PSLk(2,R). However,
this cannot be enough since the limit points are linked to each other by the
rotation of angle 1k in this case. This tells us that we need to add some more
data for a proper generalisation of convergence groups.
Let us fix a notation for intervals in S1: set ]a , b[ = {x ∈ S1|a < x < b < a}
if a 6= b and ]a , a[ = S1 \ {a}.
Definition 4.12. Let k ∈ N∗ and let h ∈ Homeo(S1) have rotation number
1
k . A sequence (fn)n∈N ∈ Homeo(S
1)N has the (h, k)-convergence property if
there are a, b ∈ S1 such that, up to a subsequence:
• hk(a) = a and hk(b) = b
• ∀i ∈ {0, . . . , k − 1} ∀x ∈ ]hi(a) , hi+1(a)[ fn(x)→ h
i(b)
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A group G ⊂ Homeo(S1) is a (h, k)-convergence group if all elements of
G commute with h and all sequence in G either has the (h, k)-convergence
property or has an equicontinuous subsequence.
If k = 1, then a (h, k)-convergence group is a convergence group, hence
topologically Fuchsian. Of course, the main interest we have in this notion
is that it is satisfied by the isometry groups of spatially compact surfaces.
If h is topologically conjugate to a rotation, then we immediately obtain an
analog of Theorem 4.11.
Lemma 4.13. Let k ∈ N∗ and let h be topologically conjugate to the rotation
of angle 1k . If G ⊂ Homeo(S
1) is a (h, k)-convergence group, then G is
topologically conjugate to a subgroup of PSLk(2,R).
Proof. Let π be the projection of the circle S1 onto its quotient by h. Since h
is topologically conjugate to a rational rotation, it is a finite covering. Since
the quotient is homeomorphic to the circle, the image π(G) ⊂ Homeo(S1/h)
is a subgroup of Homeo(S1).
Let (gn)n∈N be a sequence in π(G) that leaves every compact set. Choose
a sequence (fn)n∈N of lifts in G. Since fn → ∞, there are a, b ∈ S
1 such
that fn(x) → h
i(b) for all x ∈ ]hi(a) , hi+1(a)[. Let x ∈ S1 \ π(a). Let
z ∈ π−1({x}). Then z is not in the orbit of a for h, hence fn(z)→ h
i(b) for
some i ∈ {0, . . . , k − 1}, and gn(x) = π(fn(z))→ π(h
i(b)) = π(b).
We have shown that π(G) ⊂ Homeo(S1) is a convergence group, therefore
there is ϕ ∈ Homeo(S1) such that ϕ−1π(G)ϕ ⊂ PSL(2,R). If ψ ∈ Homeo(S1)
is a lift of ϕ, then ψ−1Gψ ⊂ π−1(PSL(2,R)). Since h is topologically con-
jugate to a rotation of angle 1k , π
−1(PSL(2,R)) is topologically conjugate to
PSLk(2,R). 
The definition of the (h, k)-convergence property can actually simplified
by only looking at convergence on one interval.
Lemma 4.14. Let h ∈ Homeo(S1). Let G ⊂ Homeo(S1) be a group that
commutes with h. Let (fn)n∈N ∈ G
N . Assume that there are a, b ∈ S1 such
that fn(x) → b for all x ∈ ]a , h(a)[. Then there is k ∈ N such that the
rotation number of h is 1k , and (fn)n∈N has the (h, k)-convergence property.
Proof. Let (fn)n∈N ∈ G
N be such a sequence. Consider a, b ∈ S1 such that
fn(x)→ b for all x ∈ ]a , h(a)[.
If x ∈ ]hi(a) , hi+1(a)[, then h−i(x) ∈ ]a , h(a)[, which shows that fn(x) =
hi ◦ fn ◦ h
−i(x)→ hi(b).
If the rotation number is not equal to some 1k , then there is i ∈ N such
that hi(a) ∈ ]a , h(a)[. Let x ∈ ]a , h(a)[ be close enough to a so that
hi(x) ∈ ]a , h(a)[. We find that fn(x) → b, and that fn(h
i(x)) → b. Since
fn commutes with h, we also find that fn(h
i(x)) → hi(b), hence hi(b) = b.
Now let y ∈ ]h−1(a) , a[ be close enough to a so that hi(a) ∈ ]a , h(a)[. We
now have fn(y) → h
−1(b), so fn(h
i(b)) → hi−1(b) and hi−1(b) = b. This
implies that h(b) = b, so h has a fixed point, therefore its rotation number
is 11 , which contradicts our assumption.
We now have to show that a and b are periodic points of h.
If a were not a periodic point of h, then hk(a) would belong to an inter-
val ]hi(a) , hi+1(a)[ for some i ∈ N. In this case, let x ∈ ]a , h(a)[ be close
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enough to a so that hk(x) ∈ ]hi(a) , hi+1(a)[. We then have fn(x) → b and
fn(h
k(x)) → hi(b), so that hk(b) = hi(b). This implies that i = nk for
some n ∈ N, and hk(b) = b. Now let y ∈ ]h−1(a) , a[ be such that hk(y) ∈
]hi(a) , hi+1(a)[. We now have fn(y) → h
−1(b) and fn(h
k(y)) → hi(b) = b,
i.e. hk−1(b) = b which is absurd because all periodic points have the same
period.
We have shown that hk(a) = a. For any x ∈ ]a , h(a)[, we have hk(x) ∈
]a , h(a)[, which shows that fn(h
k(x)) → b. Since fn(x) → b, we also have
fn(h
k(x))→ hk(b), so finally hk(b) = b. 
The (h, k)-convergence property can be seen as a one dimensional hyper-
bolic behaviour (there are attracting and repelling points). The key in show-
ing that the isometry groups under study satisfy this property will consist
in exhibiting a hyperbolic behaviour for sequences of isometries. In order
to find hyperbolic points (attracting in one direction and repelling in the
other), we will make use of a result on sequences of affine diffeomorphisms.
Lemma 4.15. Let M be a connected manifold equipped with an an affine
connection. Let (fn)n∈N be a sequence of affine diffeomorphisms (i.e. that
preserve the connection) such that fn →∞. If there is a converging sequence
pn → p in M such that the sequence fn(pn) lies in a compact set, then, up
to a subsequence, Dfn(pn)→∞ or Dfn(pn)→ 0.
The proof of this result can be found in [Kob72]. We will not detail the
proof, however the idea of it is quite simple: since affine diffeomorphisms are
linearisable via the exponential map, the behaviour of the derivative at one
point dictates the behaviour of the diffeomorphism on the whole manifold.
In our context, we get a more detailed result.
Lemma 4.16. Let (M,g) be a spatially compact surface that embeds confor-
mally in T2. Let ϕn ∈ Isom(M,g) be such that ϕn →∞, and let (x0, y0) ∈M
be such that ϕn(x0, y0) → (x1, y1) ∈ M . Then, up to a subsequence, one of
the following is satisfied:
• ρM1 (ϕn)
′(x0)→∞ and ρ
M
2 (ϕn)
′(y0)→ 0
• ρM1 (ϕn)
′(x0)→ 0 and ρ
M
2 (ϕn)
′(y0)→∞
Proof. The derivative Dϕn(x0, y0) is given by the diagonal matrix with co-
efficients ρM1 (ϕn)
′(x0) and ρ
M
2 (ϕn)
′(y0). Up to a subsequence, Lemma 4.15
gives us four cases.
IfDϕn(x0, y0)→ 0, then either ρ
M
1 (ϕn)
′(x0)→ 0, either ρ
M
2 (ϕn)
′(y0)→ 0.
Let us write the metric g = g(x, y)dxdy. The fact that the maps ϕn are
isometries gives us:
g(ϕn(x0, y0))ρ
M
1 (ϕn)
′(x0)ρ
M
2 (ϕn)
′(y0) = g(x0, y0)
Since g(ϕn(x0, y0)) → g(x1, y1) ∈ R
∗
+, we find that the Jacobian product
ρM1 (ϕn)
′(x0)ρ
M
2 (ϕn)
′(y0) is bounded in R
∗
+, hence the fact that one term
converges to 0 implies that the other tends to ∞.
In the case where Dϕn(x0, y0)→∞, one has either ρ
M
1 (ϕn)
′(x0)→∞ or
ρM2 (ϕn)
′(y0)→∞, and the fact that the product ρ
M
1 (ϕn)
′(x0)ρ
M
2 (ϕn)
′(y0) is
bounded in R∗+ implies that when one term tends to ∞, the other converges
to 0. 
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This result is exactly the hyperbolic behaviour that we were looking for:
we find attraction in one direction and repulsion in the other. A useful fact
is that the stable and unstable foliations are simply the lightlike foliations.
We are now ready to show that when the conformal boundary is acausal, the
isometry groups are convergence groups.
Proposition 4.17. Let (M,g) be a spatially compact surface with an acausal
conformal boundary that embeds in T2. Assume that the homeomorphisms
h↓, h↑ defining the boundary in T
2 are such that the rotation number of h→↑
is 1k . Then ρ
M
1 (Isom(M,g)) is a (h→↑, k)-convergence group.
Proof. Let ϕn ∈ Isom(M,g) be a sequence such that ρ
M
1 (ϕn) → ∞ in
Homeo(S1) (i.e. ϕn → ∞ because of Proposition 4.8). We start with
(x0, y0) ∈ M ⊂ T
2, and consider a subsequence such that ϕn(x0, y0) →
(x1, y1) ∈M ⊂ T
2.
First case: Assume that (x1, y1) ∈M .
By Lemma 4.16, there are two subcases.
First subcase: ρM1 (ϕn)
′(x0)→ 0 and ρ
M
2 (ϕn)
′(y0)→∞
Let x ∈ S1 be such that (x, y0) ∈ M , i.e. x ∈ ]h←(y0) , h→(y0)[, and
consider the geodesic γ such that γ(0) = (x0, y0) and γ(1) = (x, y0). The
geodesic γn = ϕn ◦ γ has initial data γn(0) → (x1, y1) ∈ M and γ
′
n(0) → 0,
hence γn converges uniformly to a constant geodesic. This implies that
γn(1)→ (x1, y1), i.e. ρ
M
1 (ϕn)(x)→ x1.
Let a = h←(y0). We have shown that ρ
M
1 (ϕn)(x) → x1 for all x ∈
]a , h→↑(a)[. Lemma 4.14 implies that the sequence (ρ
M
1 (ϕn))n∈N has the
(h→↑, k)-convergence property.
Gr(h↓)
Gr(h↑)
(x0, y0)
(h→↑(x0), h↑→(y0))
Figure 5. The dynamics of the isometry group
Second subcase: ρM1 (ϕn)
′(x0)→∞ and ρ
M
2 (ϕn)
′(y0)→ 0
In this case, for x ∈ S1 such that (x, y0) ∈M , the geodesic joining (x0, y0)
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to (x, y0) is now dilated by the sequence ϕn, which shows that ρ
M
1 (ϕn)(x)
converges to h←(y1) for x ∈ [h←(y0) , x0[ and to h→(y1) for x ∈ ]x0 , h→(y0)].
If x ∈ [h→(y0) , h→↑(x0)[, then h
−1
→↑(x) ∈ [h←(y0) , x0[ which shows that
ρM1 (ϕn)(x)→ h→↑(h←(y1)) = h→(y1).
We have shown that ρM1 (ϕn)(x) → h→(y0) for all x ∈ ]x0 , h→↑(x0)[.
Lemma 4.14 implies that (ρM1 (ϕn))n∈N has the (h→↑, k)-convergence prop-
erty.
We now know that if (x1, y1) ∈ M , then (ρ
M
1 (ϕn))n∈N has the (h→↑, k)-
convergence property.
Second case: Assume that (x1, y1) /∈M .
If there is x ∈ S1 such that (x, y0) ∈ M and ρ
M
1 (ϕn)(x) → x
′ with
(x′, y1) ∈ M , then the first case shows that (ρ
M
1 (ϕn))n∈N has the (h→↑, k)-
convergence property. Therefore we can assume that there is no such x. In
this case, the only limit points of ρM1 (ϕn)(x) are h←(y1) and h→(y1). We
now have three subcases.
First subcase: ρM1 (ϕn)(x)→ h←(y1) for all x ∈ ]h←(y0) , h→(y0)[.
Since h→(y0) = h→↑(h←(y0)), Lemma 4.14 implies that (ρ
M
1 (ϕn))n∈N has
the (h→↑, k)-convergence property.
Second subcase: ρM1 (ϕn)(x)→ h→(y1) for all x ∈ ]h←(y0) , h→(y0)[.
The argument is the same as in the previous case since we only change
the limit.
Third subcase: The two limits are possible.
If ρM1 (ϕn)(u)→ h←(y1) for some u ∈ ]h←(y0) , h→(y0)[, then ρ
M
1 (ϕn)(x)→
h←(y1) for all x ∈ ]h←(y0) , u]. Similarly, if ρ
M
1 (ϕn)(v) → h→(y1) for some
v ∈ ]h←(y0) , h→(y0)[, then ρ
M
1 (ϕn)(x) → h→(y1) for all x ∈ [v , h→(y0)[.
This implies that there is a point z ∈ ]h←(y0) , h→(y0)[ such that ρ
M
1 (ϕn)(x)→
h←(y1) for all x ∈ ]h←(y0) , z[ and ρ
M
1 (ϕn)(x)→ h→(y1) for all x ∈ ]z , h→(y0)[.
If x ∈ ]h→(y0) , h→↑(z)[, then h
−1
→↑
(x) ∈ ]h←(y0) , z[, which shows that
ρM1 (ϕn)(x) → h→↑(h←(y1)) = h→(y1). Once again, Lemma 4.14 implies
that (ρM1 (ϕn))n∈N has the (h→↑, k)-convergence property.

Note that the strategy consisting in separating the cases depending on the
possible limit points can also be found in Theorem 2.5 of [Bar96].
We do not know if the (h, k)-convergence property implies topological
conjugacy with a subgroup of PSLk(2,R), but it will still be a crucial tool
in our proof for isometry groups of spatially compact surfaces. We already
obtain Theorem 1.5 in a special case (when k = 1).
Corollary 4.18. Let (M,g) be a spatially compact surface with an acausal
conformal boundary that embeds conformally in T2. Assume that the bound-
ary of p(M) ⊂ T2 is connected. Then ρM1 (Isom(M,g)) is topologically con-
jugate to a subgroup of PSL(2,R).
Proof. If the boundary of p(M) is connected, then h→↑ has a fixed point, i.e.
k = 1. We showed that ρM1 (Isom(M,g)) is a (h→↑, 1)-convergence group,
i.e. a convergence group, hence it is topologically conjugate to a subgroup
of PSL(2,R). 
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5. Reducing the problem to open sets of T2
Before we go further, we will see that under the assumption that the
isometry group acts non properly, isometries are completely described by
the representations ρM1 and ρ
M
2 , i.e. they are faithful. In the study of
surfaces that do not embed conformally in T2, we will make use of the second
conformal model (embedding in the flat cylinder, defined in 2.4).
Lemma 5.1. Let (M,g) be a spatially compact surface that is conformal to
the flat cylinder. Then Isom(M,g) acts properly on M .
Proof. If the action were not proper, we could find a sequence fn in Isom(M,g)
that leaves every compact set, and converging sequences an → a and bn → b
in M such that fn(an) = bn. We can lift everything to M˜ = R
2: we
choose lifts a˜n, a˜, b˜n, b˜ such that a˜n → a˜ and b˜n → b˜, and lifts f˜n of fn
such that f˜n(a˜n) = b˜n. We write the lifts f˜n(x, y) = (αn(x), βn(y)) and
a˜n = (xn, yn), b˜ = (u, v). Since f˜n → ∞, Lemma 4.15 implies that we have
α′n(xn)→∞ or β
′
n(yn)→∞. In the first case, we have β
′
n(yn)→ 0 (just as
in Lemma 4.16).
Consider the geodesic going from (xn, yn) to (xn, yn + 1). The image of
this geodesic by f˜n converges towards a constant geodesic (the initial vector
shrinks). This shows that f˜n(xn, yn+1)→ (u, v), i.e. βn(yn+1)→ v, which
is incompatible with βn(yn + 1) = βn(yn) + 1→ v + 1.
The same reasoning applied to the geodesic joining (xn, yn) and (xn+1, yn)
treats the other case. Hence Isom(M,g) acts properly on M . 
Associating this and the following proposition, we obtain the first parts
of Theorem 1.2 and Theorem 1.4.
Proposition 5.2. Let (M,g) be a spatially compact surface that is not con-
formal to the flat cylinder. Then ρM1 and ρ
M
2 are semi conjugate to each
other, and their restrictions to Isom(M,g) are faithful. Moreover, if the
conformal boundary is acausal, then they are topologically conjugate.
Proof. Since (M,g) is not conformally equivalent to the flat cylinder, at least
one of h˜↓, h˜↑ is not a constant and provides a semi conjugacy between ρ
M
1
and ρM2 .
Let f ∈ ker(ρM1 ), and let f˜ be a lift to M˜ , written f˜(x, y) = (α(x), β(y)).
Since ρM1 (f) = Id, we find that α(x)−x ∈ Z for all x ∈ R. The continuity of
f implies that there is n ∈ Z such that α(x) = x+n for all x ∈ R. Consider
A = T−n ◦ f˜ (where T (x, y) = (x + 1, y + 1) ∈ Isom(M˜, g˜)). It is also a
lift of f , that can be written A(x, y) = (x, γ(y)) where γ is semi conjugate
to the identity via h˜↑ or h˜↓, hence γ has fixed points. If γ(y) = y, then
we choose x ∈ R such that (x, y) ∈ M˜ . Since A(x, y) = (x, y) and A is an
isometry, the Jacobian at (x, y) is equal to 1, i.e. γ′(y) = 1. This implies
that A is an isometry with a fixed point (x, y) ∈M where the differential is
the identity, therefore A = Id, and f = Id, i.e. ρM1 is injective. The same
goes for ρM2 . 
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This result gives a similarity with the case where M embeds in the torus.
We will now see that from the isometry group point of view, there is no
difference.
Proposition 5.3. Let (M,g) be a spatially compact surface that does not
embed conformally in T2, such that the action of Isom(M,g) on M is non
proper. Then there is an open set U ⊂M such that:
• U is invariant under Conf(M,g)
• (U, g/U ) is spatially compact
• The restriction map r : Isom(M,g)→ Isom(U, g/U ) is injective
• ρU1 ◦ r = ρ
M
1 and ρ
U
2 ◦ r = ρ
M
2
• (U, g/U ) embeds conformally in (T
2, dxdy)
• If the conformal boundary of (M,g) is acausal, then the same goes
for (U, g/U ). In this case, the image of U in T
2 has a connected
boundary.
This implies that all the results in the case where (M,g) embeds in the
torus still apply when (M,g) does not embed in the torus, provided that the
isometry group acts non properly. Therefore, Theorem 1.3 implies Theorem
1.2 and Theorem 1.5 implies Theorem 1.4. The proof will make use of two
intermediate results.
Lemma 5.4. Let (M,g) be a spatially compact surface. Consider its uni-
versal cover M˜ = {(x, y) ∈ R2|h˜↓(x) < y < h˜↑(x)}. Let (x0, y0) ∈ M ,
let (fn)n∈N be a sequence in Isom(M,g) such that fn → ∞ and let f˜n
be a sequence of lifts to M˜ . Assume that f˜n(x0, y0) → (x1, y1) ∈ R
2. If
(x0, y0 + 1) ∈ M˜ , or (x0, y0 − 1) ∈ M˜ , then (x1, y1) /∈ M˜ .
Proof. Write f˜n(x, y) = (αn(x), βn(y)). Let us assume that (x1, y1) ∈ M ,
and that (x0, y0 + 1) ∈ M˜ (the case where (x0, y0 − 1) ∈ M˜ is identical).
In that case, α′n(x0) → ∞ or β
′
n(y0) → ∞. Assume that α
′
n(x0) → ∞.
Then β′n(y0)→ 0. Let γ be the geodesic with starting point γ(0) = (x0, y0)
and end point γ(1) = (x0, y0 + 1). The image ηn = f˜n ◦ γ has initial value
ηn(0) → (x1, y1) and η
′(0) = β′n(y)γ
′(0) → 0, hence η converges uniformly
to a constant geodesic, and f˜n ◦ γ(1) → (x1, y1), which is absurd because
βn(y0+1) = βn(y0)+ 1→ y1+1 6= y1. In the case where β
′
n(y0)→∞, then
α′n(x0)→ 0 and we use the same reasoning with the geodesic joining (x0, y0)
to (x0 − 1, y0) ∈ M˜ . This shows that (x1, y1) /∈ M˜ .

We have already seen in Lemma 5.1 that the conformal geometry can give
obstructions to the non properness of the action of the isometry group. The
consequence of the following result can be explained in terms of intersection
of lightlike geodesics: the fact that h˜↑(x) − h˜↓(x) ≤ 2 for all x ∈ R means
that there are no lightlike geodesics with three or more intersection points,
and the fact that there is some x0 ∈ R such that h˜↑(x0)− h˜↓(x0) ≤ 1 means
there are some lightlike geodesics with exactly one intersection point.
Lemma 5.5. Let (M,g) be a spatially compact surface. Consider its uni-
versal cover M˜ = {(x, y) ∈ R2|h˜↓(x) < y < h˜↑(x)}. If Isom(M,g) acts non
properly on M , then:
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• h˜↓ 6= −∞ and h˜↑ 6= +∞
• ∀x ∈ R h˜↑(x)− h˜↓(x) ≤ 2
If the conformal boundary of (M,g) is acausal, then there is x0 ∈ R such
that h˜↑(x0)− h˜↓(x0) ≤ 1
Proof. Note that if h˜↑ = ∞ (resp. h˜↓ = −∞), then (x, y + 1) ∈ M˜ (resp.
(x, y − 1) ∈ M˜) for all (x, y) ∈ M˜ . In this case, Lemma 5.4 shows that the
action of Isom(M,g) on M is proper.
Let us assume that there is x0 ∈ R such that h˜↑(x0) − h˜↓(x0) > 2 Let
y0 ∈ R be such that h˜↓(x0) < y0 − 1 < y0 + 1 < h˜↑(x0). Let fn → ∞ in
Isom(M,g) and let f˜n be a sequence of lifts to M˜ such that the sequence
f˜n(x0, y0) lies in a compact set of R
2. Up to a subsequence, we consider
that f˜n(x0, y0) → (x1, y1). By Lemma 5.4, we know that (x1, y1) /∈ M˜ ,
hence y1 = h˜↑(x1) or y1 = h˜↓(x1). In the case where y1 = h˜↑(x1), we
have βn(y0) ≤ βn(y0 + 1) ≤ h˜↑(αn(x0)), which shows that βn(y0 + 1) → y1.
This is impossible because βn(y0 + 1) = βn(y0) + 1 → y1 + 1. Similarly, if
y1 = h˜↓(x1), we find βn(y1 − 1)→ y1, which is absurd.
For the third statement, notice that if h˜↑(x) − h˜↓(x) > 1 for all x ∈ R,
then L = {(x, h˜↓(x) + 1)|x ∈ R} ⊂ M˜ is homeomorphic to the real line and
preserved by the conformal group. Since it is spacelike (when the conformal
boundary is acausal), the isometry group preserves a distance on L that is
bi-lipschitz to the euclidian distance, and it acts properly on M . 
Proof of Proposition 5.3. By Lemma 5.5, we know that h˜↑ and h˜↓ are not
constants. Let h˜(x) denote h˜↑(x) if h˜↑(x) ≤ h˜↓(x) + 1 and h˜↓(x) + 1 if
h˜↑(x) < h˜↓(x)+1. It is a non decreasing map such that h˜(x+1) = h˜(x)+1,
and it commutes with lifts of conformal diffeomorphisms of M . Consider
V = {(x, y) ∈ R2|h˜↓(x) < y < h˜(x)} ⊂ M˜ and let U be its image in M .
It is an open set invariant under Conf(M). Since it contains some Cauchy
surfaces of M and it is causally convex (i.e. an inextensible causal curve
in U is the intersection of U and an inextensible causal curve in M), it is
spatially compact. Since h˜(x)− h˜↓(x) ≤ 1, we see that lightlike geodesics in
U cannot have several intersections, therefore U embeds conformally in T2.
The lightlike geodesics of U are the lightlike geodesic of M , it follows
immediately that ρU1 ◦ r = ρ
M
1 and ρ
U
2 ◦ r = ρ
M
2 . In particular, we find that
ker(r) ⊂ ker(ρM1 ) = {Id}, so r is injective.
If M does not embed in the torus and the conformal boundary is acausal,
then there is x0 ∈ R such that h˜↑(x0)−h˜↓(x0) > 1, hence h˜(x0)−h˜↓(x0) = 1.
This shows that the image in the torus has a connected boundary.

Corollary 5.6. Let (M,g) be a spatially compact surface with an acausal
conformal boundary that does not embed conformally in T2, such that the
action of Isom(M,g) on M is non proper. Then ρM1 (Isom(M,g)) is a con-
vergence group, hence is topologically conjugate to a subgroup of PSL(2,R).
ISOMETRIES OF LORENTZ SURFACES AND CONVERGENCE GROUPS 27
Proof. Let U ⊂ M be the open set given by Proposition 5.3. By Proposi-
tion 4.18, we see that ρM1 (Isom(M,g)) = ρ
U
1 ◦ r(Isom(M,g)) is topologically
conjugate to a subgroup of PSL(2,R). 
6. Proof of Theorem 1.2
6.1. Elementary groups. We wish to prove Theorem 1.2 for elementary
groups. Let us start with the stabilizer of a point.
Lemma 6.1. Let (M,g) be a spatially compact surface that embeds confor-
mally in T2. Assume that G ⊂ Isom(M,g) is such that ρM1 (G) fixes a point
x0 ∈ S
1. There is a faithful representation ρ : G → PSL(2,R) that is semi
conjugate to the restriction of ρM1 to G.
Proof. Since ρM1 (G) fixes x0, the representation ρ
M
2 (G) fixes y0 = h↑(x0).
This implies that G fixes the horizontal geodesic (S1 × {y0}) ∩M .
The parametrisation of this geodesic gives a representation ρ : G →
Aff(R) ⊂ PSL(2,R) and a diffeomorphism ϕ : ]h←(y0) , h→(y0)[ → R such
that ϕ ◦ ρM1 = ρ ◦ ϕ (we get the real line R and not just an open interval
because G acts non trivially on this geodesic).
Let us show that ρ is faithful. If ϕ ∈ ker(ρ), then ϕ fixes all points
on the horizontal geodesic (S1 × {y0}) ∩M . If (x, y0) ∈ M , we then get
ϕ(x, y0) = (x, y0) and ρ
M
1 (ϕ)
′(x) = 1, therefore ρM2 (ϕ)
′(y0) = 1 (because the
Jacobian is equal to 1) and ϕ is an isometry having a fixed point where its
derivative is the identity, therefore ϕ = Id.
Let ψ : S1 → S1 = R∪{∞} be defined by ψ = ϕ on ]h←(y0) , h→(y0)[ and
ψ ≡ ∞ on [h→(y0) , h←(y0)]. It provides a semi conjugacy between ρ
M
1 (G)
and the action of ρ on the circle. 
Proposition 6.2. Let (M,g) be a spatially compact surface that embeds
conformally in T2. Assume that G ⊂ Isom(M,g) is elementary. There
are k ∈ N and a faithful representation ρ : G → PSLk(2,R) that is semi
conjugate to the restriction of ρM1 to G.
Proof. Up to considering the closure G, we can assume that G is closed. Let
L1 ⊂ S
1 be a finite orbit of ρM1 (G).
Lemma 6.1 treats the case where ♯L1 = 1, therefore we can assume that
♯L1 ≥ 2. Let n = ♯L1, and consider L1 = {x1, x2, . . . , xn} where the indices
are taken in Z/nZ.
Since ρM1 preserves the cyclic ordering, there is a morphism σ : G→ Z/nZ
such that ρM1 (ϕ)(xi) = xi+σ(ϕ) for all ϕ ∈ G and i ∈ Z/nZ. Since G acts
transitively on L1, we necessarily have σ(G) = Z/nZ.
Let ϕ1 ∈ G be such that σ(ϕ1) = 1, and let H = kerϕ = Stab(x1).
If H = {Id}, then G = 〈ϕ1〉 and it is semi conjugate any element of
PSLn(2,R) having the same rotation number as ϕ1. Such an element can be
chosen to be of finite order (if ϕn1 = Id) or not, so that the corresponding
subgroup of PSLn(2,R) is isomorphic to G.
We now assume that H is non trivial. The proof of Lemma 6.1 shows that
the group H is isomorphic to a closed subgroup of Aff(R) hence isomorphic
to either Z, R or Aff(R). If it is isomorphic to Aff(R), then its orbits are
dense inM , so (M,g) has constant curvature and Isom(M,g) is differentially
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conjugate to a subgroup of PSLk(2,R). Indeed, the developing map D :
M˜ → N (where N is either R1,1 or d˜S2) is the map p˜ defined in 2.4. This
implies that D is injective, so M is the quotient of an open set of R1,1 or
d˜S2, and the representations of the isometries in Diff(S
1) are either in some
PSLk(2,R) or in SO(2,R) ⊂ PSL(2,R).
We now assume that H is either isomorphic to Z or to R. The group K
generated by ϕ1 acts on H by conjugacy, which shows that G is a semi direct
product H ⋊K.
If the action of K on H is trivial, i.e. if G ≈ H ×K, then it is isomorphic
and semi conjugate to a subgroup of PSLn(2,R), taking either the group
generated by an element of the center of PSL(2,R) and the corresponding
subgroup of Aff(R) (seen as the stabilizer of a point in PSLn(2,R)), when
K ≈ Z/nZ, either the group generated by a parabolic element of PSLn(2,R)
with same rotation number 1n and the corresponding subgroup of Aff(R),
when K ≈ Z.
We now assume that K acts non trivially on H. Since ϕn1 ∈ H and H
is abelian, this implies that the action of K on H is done by a finite order
automorphism of K. There is only one such non trivial element (the map
x 7→ −x in Z or R), and it is of order two. This implies that there is k ∈ N
such that n = 2k. One can realise such a group in PSLk(2,R) by considering
the group generated by a hyperbolic element and an elliptic element that
exchanges its fixed points.

6.2. Non elementary groups.
6.2.1. The collapsed actions. Recall that if ρ : Γ → Homeo(S1) is a non
elementary representation with an invariant Cantor set Lρ(Γ), then one can
construct a minimal representation ρˆ : Γ → Homeo(S1) by considering a
continuous non decreasing map of degree one π : S1 → S1 obtained by
collapsing the connected components of S1 \Lρ(Γ) to points. We then define
ρˆ so that it satisfies ρˆ ◦ π = π ◦ ρ.
Let (M,g) be a spatially compact surface that embeds conformally in T2,
and assume that Isom(M,g) is non elementary. We denote by π1, π2 : S
1 →
S
1 and ρˆM1 , ρˆ
M
2 the maps and representations obtained for the representations
ρM1 , ρ
M
2 . Note that ρˆ
M
1 and ρˆ
M
2 are representations of Isom(M,g), i.e. they
do not necessarily extend to Conf(M,g), since the conformal group does not
necessarily preserve the minimal sets LρM
1
(Isom(M,g)) and LρM
2
(Isom(M,g)).
In general, the fact that ρ is faithful does not imply that ρˆ is. However,
it is the case for representations associated to spatially compact surfaces.
Proposition 6.3. Let (M,g) be a spatially compact surface that embeds
conformally in T2. If Isom(M,g) is non elementary, then the collapsed rep-
resentations ρˆM1 and ρˆ
M
2 are faithful.
Proof. Let ϕ ∈ Isom(M,g) be such that ρˆM1 (ϕ) = Id. If x ∈ LρM
1
(Isom(M,g)),
then there are two possibilities. Either x bounds an interval I of S1 \
LρM
1
(Isom(M,g)), in which case the fact that ρˆ
M
1 (ϕ)(xˆ) = xˆ implies that ρ
M
1 (ϕ)
is equal to x or to the other endpoint of I; either x can be approached in
both directions by elements of LρM
1
(Isom(M,g)), in which case yˆ = xˆ, therefore
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ρM1 (x) = x.
If x ∈ LρM
1
(Isom(M,g)) is of the first kind, then it can be approached
by a sequence xn in LρM
1
(Isom(M,g)) such that ρ
M
1 (ϕ)(xn) → x, therefore
ρM1 (ϕ)(x) = x for all x ∈ LρM
1
(Isom(M,g)). This implies that ρ
M
1 (ϕ)
′(x) = 1
for all x ∈ LρM
1
(Isom(M,g)).
The fixed points of ρM2 (ϕ) contain the closure of h→(LρM
1
(Isom(M,g))) which
is ρM2 -invariant, which implies that ρ
M
2 (ϕ)(y) = y and ρ
M
2 (ϕ)
′(y) = 1 for all
y ∈ LρM
2
(Isom(M,g)). Taking (x, y) ∈ M ∩ (LρM
1
(Isom(M,g)) × LρM
2
(Isom(M,g))),
we have a fixed point of the isometry ϕ where the derivative is the identity,
hence ϕ = Id. This shows that ρˆM1 is faithful, and so is ρˆ
M
2 . 
We will use the fact that the map h→↑ gives a homeomorphism that com-
mutes with the collapsed representation ρˆM1 .
Proposition 6.4. Let (M,g) be a spatially compact surface that embeds
conformally in T2. Assume that Isom(M,g) is non elementary. There is
hˆ→↑ ∈ Homeo(S
1) such that hˆ→↑ ◦ π1 = π1 ◦ h→↑. It commutes with ρˆ
M
1 .
Proof. Let xˆ = π1(x) ∈ S
1. We wish to show that π1 ◦ h→↑(x) only depends
on xˆ. It is enough to show that if I = ]a , b[ is a connected component of
S
1 \ LρM
1
(Isom(M,g)), then h→↑(I) is included in the closure of a connected
component of S1 \ LρM
1
(Isom(M,g)). If it were not the case, there would be
y ∈ LρM
1
(Isom(M,g)) such that h→↑(a) < y < h→↑(b) ≤ h→↑(a).
Since h→↑(LρM
1
(Isom(M,g))) is closed an invariant under ρ
M
1 , it contains
LρM
1
(Isom(M,g)), so there is z ∈ h→↑(LρM
1
(Isom(M,g))) such that h→↑(a) < z <
h→↑(b) ≤ h→↑(a). If z = h→↑(u) with u ∈ LρM
1
(Isom(M,g)), then we find
u ∈ I, which is absurd, and shows that hˆ→↑ is well defined.
Notice that ρˆM1 ◦ hˆ→↑ ◦π1 = π1 ◦ρ
M
1 ◦h→↑ = π1◦h→↑ ◦ρ
M
1 = hˆ→↑◦ ρˆ
M
1 ◦π1.
Since π1 is onto, this shows that hˆ→↑ commutes with ρˆ
M
1 .
Since hˆ→↑ is non decreasing of degree one, the union of the open intervals
where it is constant is invariant under ρˆM1 , and therefore is empty, so hˆ→↑ is
injective. Similarly, it is onto, and continuous, so hˆ→↑ ∈ Homeo(S
1). 
We can also define hˆ→ = π1 ◦h→ and hˆ← = π1 ◦ h←. We will use the fact
that they are linked by hˆ→↑.
Proposition 6.5. hˆ→↑ ◦ hˆ← = hˆ→
Lemma 6.6. Let I ⊂ S1 be an interval such that h← only takes a finite
number of values on I. Then I˚ ∩ LρM
1
(Isom(M,g)) = ∅.
Proof. Assume that I˚ ∩LρM
2
(Isom(M,g)) is non empty. Let x ∈ LρM
1
(Isom(M,g)).
Since the action of Isom(M,g) on LρM
1
(Isom(M,g)) is minimal, the orbit of x
meets I˚ ∩LρM
1
(Isom(M,g)), so x has a neighbourhood on which h← only takes
a finite number of values. Since LρM
1
(Isom(M,g)) is compact, this implies that
h←(LρM
1
(Isom(M,g))) is a finite set invariant under ρ
M
2 , which is absurd. 
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Proof of Proposition 6.5. First, we see that hˆ→↑ ◦ hˆ← = π1 ◦ h→↑ ◦ h← =
hˆ→ ◦ h↑←. We wish to show that hˆ→ ◦ h↑← = hˆ→.
Let x ∈ S1 be such that h↑←(x) 6= x. This means that x lies on an
interval where h← is constant. If hˆ→ ◦ h↑←(x) 6= hˆ→(x), then the interval
]h→ ◦ h↑←(x) , h→(x)[ intersects LρM
1
(Isom(M,g)), but h← is constant on this
interval. According to the previous lemma, this is a contradiction. Therefore
hˆ→↑ ◦ hˆ← = hˆ→. 
6.2.2. Convergence property for the collapsed actions.
Lemma 6.7. Let (M,g) be a spatially compact surface that embeds con-
formally in T2. Assume that Isom(M,g) is non elementary. Then ei-
ther ρˆM1 (Isom(M,g)) is topologically conjugate to a subgroup of SO(2,R),
either the rotation number of hˆ→↑ is equal to
1
k for somme k ∈ N, and
ρˆM1 (Isom(M,g)) is a (hˆ→↑, k)-convergence group.
Proof. If ρˆM1 (Isom(M,g)) is compact, then it is topologically conjugate to a
subgroup of SO(2,R), in particular it has the convergence property. We can
therefore assume that ρˆM1 (Isom(M,g)) is non compact, i.e. that sequences
ϕn such that ρˆ
M
1 (ϕn)→∞ exist.
Let (x0, y0) ∈ M . Consider a sequence (ϕn)n∈N ∈ Isom(M,g)
N such that
ρˆM1 (ϕn) has no equicontinuous subsequence. Since ρˆ
M
1 is continuous, this
implies that ϕn →∞.
Up to a subsequence, we can assume that there are x1, y1 ∈ S
1 such that
ρM1 (ϕn)(x0)→ x1 and ρ
M
2 (ϕn)(y0)→ y1.
First case: Assume that (x1, y1) ∈M .
By Lemma 4.16, there are two subcases.
First subcase: ρM1 (ϕn)
′(x0)→ 0 and ρ
M
2 (ϕn)
′(y0)→∞
Just as in the proof of Proposition 4.17, the horizontal geodesic passing
through (x0, y0) is shrunk to the point (x1, y1), i.e. ρ
M
1 (ϕn)(x) → x1 for all
x ∈ ]h←(y0) , h→(y0)[. Let z = h←(y0).
On the collapsed circle, we see that ρˆM1 (ϕn)(xˆ)→ xˆ1 for all xˆ ∈ ]zˆ , hˆ→↑(zˆ)[,
and Lemma 4.14 implies that the rotation number of hˆ→↑ is some
1
k and that
(ρˆM1 (ϕn))n∈N has the (hˆ→↑, k)-convergence property.
Second subcase: ρM1 (ϕn)
′(x0)→∞ and ρ
M
2 (ϕn)
′(y0)→ 0
The horizontal geodesic passing through (x0, y0) is now dilated. If xˆ ∈
]xˆ0 , hˆ→(y0)[, then ρˆ
M
1 (ϕn)(x) → hˆ→(y1). If xˆ ∈ ]hˆ→(y0) , hˆ→↑(xˆ0)[, then
hˆ−1
→↑
(xˆ) ∈ ]hˆ←(y0) , xˆ0[, so ρˆ
M
1 (ϕn)(hˆ
−1
→↑
(xˆ)) → hˆ←(y1), and ρˆ
M
1 (ϕn)(xˆ) →
hˆ→↑(hˆ←(y1)) = hˆ→(y1).
We have shown that ρˆM1 (ϕn)(xˆ) → hˆ→(y1) for all xˆ ∈ ]xˆ0 , hˆ→↑(xˆ0)[ \
{hˆ→(y0)}. By monotonicity, we have convergence on the whole interval, so
Lemma 4.14 can once again be applied.
Second case: Assume that (x1, y1) /∈M .
Just as in Proposition 4.17, we can assume that there is no x ∈ S1 such that
(x, y0) ∈M and such that the sequence ρ
M
1 (ϕn)(x) has a limit point z ∈ S
1
satisfying (z, y1) ∈ M . This implies that for all xˆ ∈ ]hˆ←(y0) , hˆ→(y0)[, the
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only limit points of the sequence ρˆM1 (ϕn)(xˆ) are hˆ←(y1) and hˆ→(y1). Up to
a subsequence, we have three possibilities.
First subcase: ρˆM1 (ϕn)(xˆ)→ hˆ←(y1) for all xˆ ∈ ]hˆ←(y0) , hˆ→(y0)[.
Since hˆ→(y0) = hˆ→↑(hˆ←(y0)), Lemma 4.14 implies that the rotation num-
ber of hˆ→↑ is some
1
k and that (ρˆ
M
1 (ϕn))n∈N has the (hˆ→↑, k)-convergence
property..
Second subcase: ρˆM1 (ϕn)(xˆ)→ hˆ→(y1) for all xˆ ∈ ]hˆ←(y0) , hˆ→(y0)[.
The reasoning is exactly the same as in the previous case.
Third subcase: The two limits are possible.
As in Proposition 4.17, there is z ∈ ]h←(y0) , h→(y0)[ such that ρˆ
M
1 (ϕn)(xˆ)→
hˆ←(y1) for all xˆ ∈ ]hˆ←(y0) , zˆ[ and ρˆ
M
1 (ϕn)(xˆ)→ hˆ→(y1) for all xˆ ∈ ]zˆ , hˆ→(y0)[.
This implies that ρˆM1 (ϕn)(xˆ)→ hˆ→(y1) for all xˆ ∈ ]zˆ , hˆ→↑(zˆ)[, and we once
again conclude with Lemma 4.14. 
We now have all the ingredients for the proof of Theorem 1.3, which implies
Theorem 1.2 because of Proposition 5.3.
Proof of Theorem 1.3. Let (M,g) be a spatially compact surface that em-
beds conformally in T2.
Proposition 5.2 implies that ρM1 and ρ
M
2 are semi conjugate, and that their
restrictions to Isom(M,g) are faithful.
If Isom(M,g) is elementary, then Proposition 6.2 states that there is a
faithful representation ρ : Isom(M,g) → PSLk(2,R) for some k ∈ N that is
semi conjugate to ρM1 .
If Isom(M,g) is non elementary, then Lemma 6.7 assures that either ρˆM1 is
topologically conjugate to a representation in SO(2,R) ⊂ PSL(2,R), either
the rotation number of hˆ→↑ is equal to some
1
k and that ρˆ
M
1 (Isom(M,g))
is a (hˆ→↑, k)-convergence group. Since the periodic points of hˆ↑ form a
non empty closed set invariant under ρˆM1 (Isom(M,g)), it is equal to S
1 and
hˆk→↑ = Id. Since hˆ
k
→↑ = Id, we see that hˆ→↑ is topologically conjugate to the
rotation of angle 1k , and Lemma 4.13 states that ρˆ
M
1 (Isom(M,g)) is topolog-
ically conjugate to a subgroup of PSLk(2,R). Since the collapsed action ρˆ
M
1
is faithful (Proposition 6.3) and semi conjugate to ρM1 , we have finished the
proof of Theorem 1.2. 
7. Conjugacy for elementary groups
The goal of this section is to prove Theorem 1.4 in the case of elementary
groups. If (M,g) is a spatially compact surface and G ⊂ Isom(M,g) is a
subgroup, we will identify G and ρM1 (G).
7.1. Classification of elements and finite invariant sets. Rather than
looking at finite orbits, it will be more practical to consider certain finite
invariant sets on which the group may not act transitively.
Lemma 7.1. Let k ∈ N, and let h ∈ Homeo(S1) have rotation number 1k .
Let G ⊂ Homeo(S1) be an elementary (h, k)-convergence group. Then G has
a finite invariant set LG satisfying one of the following properties:
(1) LG has more than 2k points
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(2) LG = {x0, y0, h(x0), h(y0), . . . , h
k−1(x0), h
k−1(y0)} where x0 and y0
are periodic points for h such that x0 < y0 < h(x0)
(3) LG = {x0, h(x0), . . . , h
k−1(x0)} where h
k(x0) = x0.
Proof. Let E ⊂ S1 be a finite invariant set. If #E > 2k, then we are in the
first case. If h(E) 6= E, then G also preserves h(E). If E has elements that
are not periodic for h, then E preserves E ∪ h(E) ∪ · · · ∪ hn(E) for all n.
For n large enough, it has more than 2k elements. Therefore we can assume
that all elements of E are periodic for h, and by adding the iterates under h
we can assume that #E is a multiple of k. If it is 3k or more, then we are
in the first case. If #E = 2k, then the second condition is satisfied. Finally,
if #E = k, then the third condition is satisfied. 
Applying this to the group generated by one element, we obtain a clas-
sification of elements similar to the case of PSL(2,R). If G is a (h, k)-
convergence group, and f ∈ G \ {Id}, then we say that f is
• Hyperbolic if f has exactly 2k periodic points.
• Parabolic if f has exactly k periodic points.
• Elliptic if it is not hyperbolic or parabolic.
Note that if γ is elliptic, then the group generated by γ is not always
elementary (think of irrational rotations).
7.2. The elliptic case: #LG > 2k.
Lemma 7.2. Let k ∈ N let h ∈ Homeo(S1) have rotation number 1k . Let
G ⊂ Homeo(S1) be a closed elementary (h, k)-convergence group. If G has a
finite invariant set LG ⊂ S
1 with more than 2k elements, then G is compact.
Proof. If #LG > 2k, then we can find three points x1, x2, x3 ∈ LG such that
x1 < x2 < x3 < h(x1). Let us assume that there is a sequence (fn) in G such
that fn →∞. Since the images of x1, x2, x3 under the fn belong to the finite
set LG, up to a subsequence there are y1, y2, y3 ∈ LG such that fn(xi) = yi
for i = 1, 2, 3. This shows that the sequence (fn) does not satisfy the (h, k)-
convergence property, which is impossible because G is a (h, k)-convergence
group. Therefore there is no sequence (fn) in G such that fn →∞, i.e. G is
relatively compact. Since it is closed, it is compact. 
7.3. The hyperbolic case: #LG = 2k.
Lemma 7.3. Let (M,g) be a spatially compact surface with an acausal con-
formal boundary that embeds in T2 and let G ⊂ Isom(M,g) be an elementary
closed subgroup. Let h↑, h↓ be the homeomorphisms that define the bound-
ary in T2, and assume that the rotation number of h→↑ is
1
k . If G has a
finite invariant set LG ⊂ S
1 such that LG =
⋃k−1
i=0 {h
i
→↑(x0), h
i
→↑(y0)} where
hk→↑(x0) = x0 and h
k
→↑(y0) = y0, then G is topologically conjugate to a
subgroup of PSLk(2,R).
Proof. We note H = {f ∈ G|f(x0) = x0 and f(y0) = y0}.
First step: Show that H ≈ R or H ≈ Z.
Let Φ : H → R be defined by Φ(f) = Log(f ′(x0)). If Φ(f) = 0, then f fixes
the point (x0, h↓(y0)) ∈ M and its derivative at this point is the identity,
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hence f = Id. We showed that Φ is an injective homomorphism, and H is
isomorphic to a closed subgroup of R.
x0 y0
h→↑(x0)
h→↑(y0)
h2→↑(x0)
h2→↑(y0)
hk−1
→↑
(x0)
hk−1
→↑
(y0)
Figure 6. Dynamics of an element of H
Second step: Find a conjugacy for H
First case: When H ≈ R. We set H = {ft|t ∈ R}. We start by choos-
ing x˜0, y˜0 ∈ S
1 such that x˜0 < y˜0 < x˜0 +
1
k and γt the (unique) one pa-
rameter subgroup of PSLk(2,R) such that γt(x˜0) = x˜0, γt(y˜0) = y˜0 and
γ′1(x˜0) = f
′
1(x0) (i.e. γt has the same dynamics as ft, see Figure 6). We also
choose zi ∈ ]h
i
→↑(x0) , h
i
→↑(y0)[, z
′
i ∈ ]h
i
→↑(y0) , h
i+1
→↑
(x0)[, z˜i ∈ ]x˜0+
i
k , y˜0+
i
k [,
and z˜′i ∈ ]y˜0 +
i
k , x˜0 +
i+1
k [.
If x ∈ ]hi→↑(x0) , h
i
→↑(y0)[, then we consider tx ∈ R such that x = ftx(zi)
and we set ϕ(x) = γtx(z˜i). If x ∈ ]h
i
→↑(y0) , h
i+1
→↑
(x0)[, then we consider
tx ∈ R such that x = ftx(z
′
i) and we set ϕ(x) = γtx(z˜
′
i). Since tfs(x) = t+ s,
we see that ϕ ◦ ft = γt ◦ ϕ, and ϕ is a homeomorphism.
Second case: When H ≈ Z. We set H = {fn1 |n ∈ Z}. We start by choosing
x˜0, y˜0 ∈ S
1 such that x˜0 < y˜0 < x˜0 +
1
k and γ1 ∈ PSLk(2,R) a hyperbolic
element such that γ1(x˜0) = x˜0, γ1(y˜0) = y˜0 and γ
′
1(x˜0) = f
′
1(x0). We also
choose zi ∈ ]h
i
→↑(x0) , h
i
→↑(y0)[, z
′
i ∈ ]h
i
→↑(y0) , h
i+1
→↑ (x0)[, z˜i ∈ ]x˜0+
i
k , y˜0+
i
k [,
and z˜′i ∈ ]y˜0+
i
k , x˜0+
i+1
k [. Finally, we can choose arbitrarily the restrictions
ϕ : [zi , f1(zi)]→ [z˜i , γ1(z˜i)] and ϕ : [z
′
i , f1(z
′
i)]→ [z˜
′
i , γ1(z˜
′
i)].
If x ∈ ]hi→↑(x0) , h
i
→↑(y0)[, then we consider the unique nx ∈ Z such that
fnx1 (x) ∈ [zi , f1(zi)[, and we set ϕ(x) = γ
−nx
1 ◦ ϕ ◦ f
nx
1 (x). Similarly, if
x ∈ ]hi→↑(y0) , h
i+1
→↑ (x0)[, then we consider the unique nx ∈ Z such that
fnx1 (x) ∈ [z
′
i , f1(z
′
i)[, and we set ϕ(x) = γ
−nx
1 ◦ϕ◦ f
nx
1 (x). This construction
gives a homeomorphism ϕ such that ϕ ◦ f1 = γ1 ◦ ϕ.
Third step: Show that if f ∈ G, then f(x0) = h
i
→↑(x0) for some i ∈ N.
Let f1 ∈ H have x0 as an attracting fixed point. We first wish to show
that f1 and f commute. For this, we see that f
−1 ◦ f1 ◦ f(x0) = f(x0),
i.e. f−1 ◦ f1 ◦ f ∈ H. If H =< f1 >≈ Z, then there is n ∈ N such that
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f−1 ◦ f1 ◦ f = f
n
1 . But f
k ∈ H, therefore fk commutes with f1, which
shows that f1 = f
n
1 , hence n = 1. If H ≈ R, then there is t such that
f−1 ◦ f1 ◦ f = ft and f
k ∈ H shows f1 = ft, hence t = 1.
Now that we know that f and f1 commute, we choose x ∈ S
1 sufficiently
close to x0 so that f
n
1 (x)→ x0 and f(x) 6= h
j
→↑
(y0) for all j. Then f
n
1 (x)→
hi→↑(x0) for some i, and f(x0) = lim f(f
n
1 (x)) = lim f
n
1 (f(x)) = h
i
→↑(x0).
Fourth step: Find a conjugacy for H and one element of G \H.
Note that we showed in the third step that H is contained in the center of
G. Let f ∈ G \H, and let γ ∈ PSLk(2,R) have the same rotation number
as f and have x˜0, y˜0 as periodic points. If x0 is attracting (resp. repelling)
for fk, then we choose γ such that x˜0 is attracting (resp. repelling) for γ
k
(i.e. f and γ have the same dynamics).
First case: H ≈ R. We wish to choose ϕ such that γ ◦ϕ(zj) = ϕ ◦ f(zj) and
γ ◦ ϕ(z′j) = ϕ ◦ f(z
′
j). The left side of the equation is γ ◦ ϕ(zj) = γ(z˜j). On
the right side, we have ϕ ◦ f(zj). Let tj ∈ R be such that f(zj) = ftj(zi+j).
We see that ϕ ◦ f(zj) = γtj (z˜i+j). Hence the first equation holds if and only
if z˜i+j = γ−tj ◦ γ(z˜j). This shows that we can fix the family (zj) arbitrarily,
then choose z˜j for one j in each class in Z/iZ, and set z˜i+j = γ−tj ◦ γ(z˜j).
The same goes for the z′j and z˜
′
j.
For x ∈ ]hj→↑(x0) , h
j
→↑(y0)[, let t ∈ R be such that x = ft(zj).
ϕ ◦ f(x) = ϕ ◦ f ◦ ft(zj) = ϕ ◦ ft ◦ f(zj) ft ∈ Z(G)
= γt ◦ ϕ ◦ f(zj) ϕ conjugates ft and γt
= γt ◦ γ ◦ ϕ(zj) Choice of z˜i+j
= γ ◦ γt ◦ ϕ(zj) γt commutes with γ
= γ ◦ ϕ(x) Definition of ϕ
The same calculations hold for x ∈ ]hj
→↑
(y0) , h
j+1
→↑
(x0)[. This shows that
ϕ ◦ f = γ ◦ ϕ.
Second case: H ≈ Z. We wish to choose ϕ such that γ ◦ϕ(u) = ϕ ◦ f(u) for
u ∈ [zj , f1(zj)[ ∪ [z
′
j , f1(z
′
j)[. For u ∈ [zj , f1(zj)[, we consider nu ∈ Z such
that f(u) = fnu1 (xu) where xu ∈ [zi+j , f1(zi+j)[. We get ϕ ◦ f(u) = γ ◦ϕ(u)
if and only if ϕ(xu) = γ
−nu
1 ◦ γ ◦ ϕ(u). Hence we only need to choose ϕ on
[zj , f1(zj)[ for one j in each class modulo i, and set ϕ on [zi+j , f1(zi+j)[ by
the formula ϕ(xu) = γ
−nu
1 ◦ γ ◦ ϕ(u). We do the same on [z
′
j , f1(z
′
j)[.
Finally, for x ∈ ]hj→↑(x0) , h
j
→↑(y0)[, we consider n ∈ Z such that x =
fn1 (u) where u ∈ [zj , f1(zj)[.
ϕ ◦ f(x) = ϕ ◦ f ◦ fn1 (u) = ϕ ◦ f
n
1 ◦ f(u)
= γn1 ◦ ϕ ◦ f(u)
= γn1 ◦ γ ◦ ϕ(u)
= γ ◦ γn1 ◦ ϕ(u)
= γ ◦ ϕ(x)
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The same calculations holds for x ∈ ]hj→↑(y0) , h
j+1
→↑ (x0)[. This shows that
ϕ ◦ f = γ ◦ ϕ.
Fifth step: Show that it provides a conjugacy for G.
Let F ⊂ Z/kZ be the set of classes of numbers i ∈ Z such that there is
f ∈ G satisfying f(x0) = h
i
→↑(x0). It is a subgroup of Z/kZ, hence there
is n ∈ {0, . . . , k − 1} such that F = nZ/kZ. Let f ∈ G be such that
f(x0) = h
n
→↑(x0), and let ϕ ∈ Homeo(S
1) be a conjugacy for H and for f .
If u is another element of G \H, then there is i ∈ Z such that u ◦ f−i ∈ H,
hence ϕ ◦ u ◦ ϕ−1 = (ϕ ◦ (u ◦ f−i) ◦ ϕ−1) ◦ (ϕ ◦ f i ◦ ϕ−1) ∈ PSLk(2,R). 
7.4. The parabolic case: #LG = k.
Lemma 7.4. Let (M,g) be a spatially compact surface with an acausal con-
formal boundary that embeds in T2 and let G ⊂ Isom(M,g) be an elementary
closed subgroup. Let h↑, h↓ be the homeomorphisms that define the boundary
in T2, and assume that the rotation number of h→↑ = h→ ◦h↑ is
1
k . If G has
a finite invariant set LG ⊂ S
1 such that LG = {x0, h→↑(x0), . . . , h
k−1
→↑
(x0)}
where hk→↑(x0) = x0, then G is topologically conjugate to a subgroup of
PSLk(2,R).
Proof. Let H = {f ∈ G|f(x0) = x0}.
First step: Assume that H contains a hyperbolic element f .
Up to replacing f by f−1, we can assume that x0 is an attracting point for
f . If all elements of H fix the other fixed point y0 of f , then we have an
invariant set with 2k elements and Lemma 7.3 shows that G is topologically
conjugate to a subgroup of PSLk(2,R). Hence we can assume that there is
u ∈ H that does not fix y0.
First case: Assume that u is parabolic. Up to replacing u by u−1, assume
that u(y0) ∈ ]y0 , x0[. We consider the sequence un = f
−n ◦ u ◦ fn. We
have un(x0) = x0 and un(y0) = f
−n(u(y0)) → y0. If x ∈ ]x0 , y0[, then
x0 < f
n(x) < u(fn(x)) < y0 < x0 gives x0 < f
−n(fn(x)) = x < un(x) < y0
(see Figure 7), hence the sequence un(x) does not have x0 as a limit point. If
y ∈ ]y0 , h→↑(x0)[, then we find y0 < y < un(y) < h→↑(x0) < y0 and the se-
quence un(y) does not have y0 as a limit point. This shows that the sequence
un does not have the (h→↑, k)-convergence property, hence it is equicontin-
uous. This implies that G is not discrete. Since it is a Lie group, it has
dimension at least one, and there is a one parameter subgroup of parabolic
elements. The orbit of any point of M under this one parameter subgroup
intersects the axes of f , hence the curvature of M is constant.
Consider the developing map D : M˜ → N where N is either R1,1 or
d˜S2. Notice that D is the conformal embedding p˜ defined in 2.4, hence it
is injective and M is a quotient of an open set of R1,1 or d˜S2. Since it
has an isometry group acting non properly, it is an open set of d˜S2 and
ρM1 (Isom(M,g)) is differentially conjugate to a quotient of P˜SL(2, R). The
fact that it has isometries with k fixed points on the circle implies that
ρM1 (Isom(M,g)) is differentially conjugate to a subgroup of PSLk(2,R).
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x0
x
un(x)
y0
y
un(y)
h→↑(x0)
f fu
Figure 7. Dynamics in the parabolic case
Second case: Assume that u is hyperbolic. The commutator [u, f ] ∈ H satis-
fies [u, f ](x0) = x0 and [u, f ]
′(x0) = 1, therefore it is either parabolic, either
the identity. Since u and f have different fixed points, we have [u, f ](y0) 6= y0,
and H possesses a parabolic element.
Second step: H has only parabolic elements.
Since H preserves the affine structure on {x0} × ]h↓(x0) , h↑(x0)[ defined by
the parametrisation of geodesics, we see thatH is isomorphic to a subgroup of
the affine group Aff(R). Parabolic elements are sent to translations in Aff(R),
therefore H is isomorphic to a subgroup of R, and it is either Z either R.
By using exactly the same methods as in the hyperbolic case (second to fifth
steps), we see first that H, then G are topologically conjugate to subgroups
of PSLk(2,R). 
As a byproduct of the proof, we obtain the following result that will sim-
plify our search for counter examples when we study the differential conju-
gacy problem.
Corollary 7.5. Let (M,g) be a spatially compact surface with an acausal
conformal boundary that embeds in T2. Let G ⊂ Isom(M,g) be an elementary
subgroup (i.e. ρM1 (G) is elementary) that acts non properly on M . If ρ
M
1 (G)
is not differentially conjugate to a subgroup of some PSLk(2,R), then there
is a finite index subgroup of G that is isomorphic to Z or R.
8. Conjugacy for non elementary groups
We now wish to show Theorem 1.4 in the non elementary case. We will
deal only with surfaces that embed conformally in T2, and conclude with
Proposition 5.3. The main tool will be the (h, k)-convergence property, but
we face the problem that h is not necessarily a rotation. If it were the case,
then the result would be immediate by Lemma 4.13.
Our goal is to see that there is a homeomorphism h˜ that is topologically
conjugate to a rotation, such that ρM1 (Isom(M,g)) is a (h˜, k)-convergence
group. Our strategy is to keep h→↑ on the limit set, and to change it outside
the limit set in order to make all points periodic. First, we will see that h→↑
is of order k on the limit set.
Lemma 8.1. Let k ∈ N∗ and let h ∈ Homeo(S1) have rotation number 1k .
Let G ⊂ Homeo(S1) be a non elementary (h, k)-convergence group. Let F
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be the set of points b ∈ S1 such that there is a sequence fn → ∞ in G and
a ∈ S1 satisfying:
• hk(a) = a and hk(b) = b
• ∀i ∈ {0, . . . , k − 1} ∀x ∈ ]hi(a) , hi+1(a)[ fn(x)→ h
i(b)
Then LG ⊂ F . In particular, all points of LG are periodic for h.
Proof. Since the minimal invariant closed set is unique in the non elementary
case, we only need to show that F is G-invariant. If fn is a sequence in G
defining b ∈ F , then the sequence g ◦ fn shows that g(b) ∈ F . 
Lemma 8.2. Let (M,g) be a spatially compact surface with an acausal con-
formal boundary that embeds in T2 and assume that G = ρM1 (Isom(M,g)) is
a non elementary subgroup. Let h↑, h↓ be the homeomorphisms that define
the boundary in T2, and assume that the rotation number of h→↑ is
1
k . There
is h ∈ Homeo(S1) such that:
• hk = Id
• h(x) = h→↑(x) for all x ∈ LG
• h ◦ f = f ◦ h for all f ∈ G
Consequently, G is a (h, k)-convergence group.
Proof. If LG = S
1, then hk→↑ = Id and we can take h = h→↑. We now
assume that LG is a Cantor set.
If I ⊂ S1 is a connected component of S1 \ LG, then so is h→↑(I), and
hk→↑(I) = I (because h
k
→↑ is the identity on LG). We use the decomposition
into connected components S1 \ LG =
⋃
n∈N(In ⊔ h→↑(In) ⊔ · · · ⊔ h
k−1
→↑
(In)).
Let E ⊂ N be a set of representers for the action of G.
Let n ∈ E. Let Gn be the set of elements of G that preserve the union
In ⊔ · · · ⊔ h
k−1
→↑ (In). It is a closed elementary group with an invariant set
containing 2k elements. Lemma 7.3 implies that it is topologically conjugate
to subgroup Γn of PSLk(2,R). We write Gn = ϕ
−1Γnϕ. Let R be the
element of the center of PSLk(2,R) of rotation number
1
k . Set h on h
i
→↑(In)
to be ϕ−1Rϕ. Since Rk = Id, we find hk = Id. Since R commutes with Γn,
we see that h commutes with Gn.
On f(hi→↑(In)) for f ∈ G, we set h/f(hi→↑(In))
= f ◦ h/hi
→↑
(In) ◦ f
−1. Since
h commutes with the elements that preserve In ⊔ · · · ⊔ h
k−1
→↑ (In), we see that
h commutes with G. By construction, it is equal to h→↑ on LG, and it is a
homeomorphism. 
We can now achieve the proof Theorem 1.5, which implies Theorem 1.4
because of Proposition 5.3.
Proof of Theorem 1.5. Let (M,g) be a spatially compact surface with an
acausal conformal boundary that embeds conformally in the flat torus.
Proposition 5.2 implies that ρM1 and ρ
M
2 are faithful and topologically
conjugate to each other.
If Isom(M,g) acts properly on M , then Proposition 4.9 concludes. If
Isom(M,g) acts non properly on M , then according to Proposition 4.5, the
rotation number of h→↑ is equal to
1
k for some k ∈ N.
If ρM1 (Isom(M,g)) is elementary, then Lemma 7.1 assures that we can
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apply Lemma 7.2, 7.3 or 7.4 to show that ρM1 (Isom(M,g)) is topologically
conjugate to a subgroup of a finite cover of PSL(2,R).
If ρM1 (Isom(M,g)) is non elementary, then Lemma 8.2 shows that there
is h ∈ Homeo(S1) such that hk = Id and ρM1 (Isom(M,g)) is a (h, k)-
convergence group. Since hk = Id, it is topologically conjugate to a rotation,
and Lemma 4.13 shows that ρM1 (Isom(M,g)) is topologically conjugate to a
subgroup of PSLk(2,R). 
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